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Abstract
Beam finite elements representing material damping and mechanistic
damping are developed via simple and general models, and applied to the
joints and struts of a current design of large space structures-the Truss
Boom presently erected at the NASA Langley Research Center. A viscous
strut called the D-Strut was developed by Honeywell and is represented by a
general model of damping. The discretized equations of motion are
formulated for a tubular resistively shunted piezoelectric strut developed at
M.I.T., and an analogy between these equations and the general model of
damping is drawn. A measure of overall system damping is defined. These
numerical representations are used to predict inherent damping of a large
space structure and values of overall system damping which allow stable LTI
control.
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{} denotes vector
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A1  unknown constant 1 of non-dimensional displacement solution
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NOTATION
[C] modally transformed damping matrix which equals [4]T[c][0]
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[e] electromechanical coupling matrix of piezoelectric (coulombs/m 2 )
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ko + kl dynamic stiffness (N/m)
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beam material stiffness matrix (N/m)
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differential equation
electrical field rotation matrix
NOTATION
[Rs] engineering strain rotation matrix
s Laplace variable (rad/sec)
S vector of material strains
T kinetic energy (N-m)
Tij transformation between local degree of freedom i and global
degree of freedom j
T vector of material stresses (N/m2 )
u axial displacement in x-axis direction (m)
U potential energy (N-m)
Upk peak potential energy used in loss factor expression (N-m)
u vector of mechanical displacements, and beam displacement
vector (m)
V voltage degree of freedom (volts)
w transverse displacement in z-axis direction (N)
W energy lost in cycle (N-m)
We electrical energy (N-m)
Wm magnetic energy (N-m)
x(t) one degree of freedom response (m)
X(co) frequency dependent amplitude (m)
xN amplitude at beginning of Nth cycle (m)
xo initial displacement (m)
Xl degree of freedom vector defined to clarify assembly of general
model damping and stiffness matrices [c]G and [k]G (m)
ZG general model impedance (N/m2 )
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NOTATION
zl dissipation coordinate (m)
Z3 impedance of three parameter viscoelastic model (general model)
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Z7  impedance of seven parameter viscoelastic model (N/m)
a constant
Xr rth decay corresponding to the rth mode of vibration (1/sec)
al stiffness ratio which equals either E 1/Eo or kl/ko
Sconstant
Y shear strain
8() variational operator; e.g., 5T is the variational of the kinetic
energy T
6 axial strain
C1 dissipation strain
C beam strain vector defined for discretization purposes
[ES] clamped dielectric matrix (coulomb/volt-m)
C critical damping ratio
C1 experimentally determined critical damping ratio associated
with first natural mode of vibration of an experimental specimen
1 loss factor
e non-dimensional time variable, or cylindrical position variable
(radians)
Xr rth eigenvalue (complex or real) (1/sec)
NOTATION
¢
a
I
Tij
4(x)
{(r)} orr
[1]
Co
Wn
apeak
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ol
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mass per unit length (kg/m)
Poisson's ratio
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normal stress (N/m2 )
shear stress (N/m2)
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scalar electrical potential (volts) or assumed mode shape
rth eigenvector (complex or real)
orthonormal eigenvector matrix normalized with respect to mass
matrix [m]: [0]T[m][4 ] = [11
frequency (rad/sec)
nth natural frequency (rad/sec)
peak frequency chosen at which to place peak of loss factor curve
(rad/sec)
rth frequency corresponding to rth mode of vibration
(rad/sec)
relaxation frequency (rad/sec)
first natural frequency (rad/sec)
non-dimensional damping parameter
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Chapter One
Introduction
1.1 Background
Due to the lightweight and flexible nature of large space structures,
damping is necessary to maintain an acceptable level of stillness to conduct
worthwhile zero gravity experiments and maintain pointing accuracy for
telescopes and communication devices. There are two types of damping,
active and passive damping. Active damping is a combined structural
dynamics and controls problem where a control loop is closed about the
system dynamics to influence the response of the system to decay to
equilibrium; examples of active dampers are a proof-mass damper (PMD) and
a piezoeletric strut. Passive damping, on the other hand, is a structural
dynamics problem and occurs in the struts and joints of a truss structure.
Passive damping is necessary for implementing active control. Von
Flotow and Vos [1] specified a critical level of passive damping which permits
robust control of structural dynamics with the control bandwidth including
many natural frequencies of the structure. This required level of damping is
1 to 4% of critical damping for carefully modeled laboratory structures and
probably much higher for uncertain structures. The predictability of
response is important to those designing the controller. The damping of the
structure is usually the parameter that is most difficult or rather most
ambiguous to predict. Unlike structures built on Earth, it is expensive to
build and test large space structures in orbit to learn how they will respond.
Since there is no orthodox method for representing the damping of a
structure, structures are studied independently. Experiments are conducted
in conjunction with computer analyses to predict how a large space structure
will respond to various loading conditions once in orbit. In most cases for
space applications, structures are overdesigned because of the
unpredictability of their response once in orbit.
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Only passive damping will be considered in this thesis. There are
three issues which must be addressed when attempting to include damping in
a structural analysis:
* Model: How is the damping modeled? Or rather, how is a structure's
damping represented using physics and mathematics? Many have described
damping in a phenomenological manner [2-11]. Few [18] have attempted to
develop a theory which can actually predict damping at an instant in time.
* Coefficients: How are the values of the damping coefficients determined to
insure that the model is a correct representation of the structure? Is the
phenomenon quantified accurately?
* Reality versus Model: Does the structure (experiment) behave as predicted
by the model? How good are the damping coefficients? How accurate was the
model to begin with?
Damping has traditionally been incorporated into the equations of
motion in three forms: viscous, Coulomb (dry friction), and structural
damping (also known as the complex modulus) [12]. This thesis will consider
the viscous form in terms of the damping matrix [c] in the following
expression of the equations of motion:
[m]{4} + [c]{l} + [k]{q} = {Q} (1.1)
Once the structure's damping is modeled, the equations of motion will
be solved for the system response. For a one degree of freedom system with
viscous damping the response is found by solving the ordinary differential
equation,
mi + ci + kx = F(t) (1.2)
For multi-degree of freedom proportionally damped systems, the response
may be found by mode superposition which essentially is the solution of Eq.
(1.2) for each degree of freedom of the system. For nonproportionally damped
systems with less than 1000 degrees of freedom-depending on the
CHAPTER ONE: INTRODUCTION
computing power available and how much one is willing to spend for one
solution-the response may be found by direct integration of the equations of
motion; the numerical direct integration scheme used in this thesis is the
Newmark method [13]. Direct integration of the coupled equations of motion,
however, becomes costly when attempting to solve these equations for large
space structures such as the space station with over 10,000 degrees of
freedom. The mass and stiffness matrices, [m] and [k], may be diagonalized
by modal analysis, but the modal damping matrix [C] is usually fully
populated. A method which diagonalizes [C] and subsequently uncouples the
equations of motion is an attractive option to have available in order to
efficiently solve for the system response of many degree of freedom large
space structures.
1.2 Motivation
There are two motivating factors for this thesis:
1) Accurate modeling of the structural dynamics of a large space structure
reduces uncertainties in the plant. Damping is the most difficult aspect of a
structure's dynamics to model and, as a result, is usually the cause of
uncertainties in the plant. This thesis concentrates on modeling damping
because a structural dynamicist usually assumes modal damping (which
assumes proportional damping and decoupled equations of motion). Most
damping, however, is nonproportional because the damping matrix is not a
linear combination of the stiffness and mass matrices:
[c] # a[m]+ P[k] (1.3)
where a and P are constants. This equation will be discussed in 1.4 (c). This
equation causes the modally transformed damping matrix [C] to be
nondiagonal:
[C] = [] T[c][0] is nondiagonal (1.4)
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Finite element representations of damping are formulated in Chapter Two
because by spatially distributing the damping throughout a structure via
representation at the element level, damping in higher modes may be
accurately represented. On the other hand, modal damping requires an
experiment for each mode and is difficult to measure for higher modes.
2) Another motivating factor for modeling damping is the ability to ensure
stable LTI control by increasing the passive damping in a structure. Von
Flotow and Vos [1] specified a range of 1 to 4% of critical damping as
necessary to achieve stability.
1.3 Thesis Objectives
1) Develop finite element damping matrices, which are those numerical
models of passive damping which can be used to represent the inherent and
externally introduced passive damping mechanisms of large space structures.
2) Develop a numerical measure of overall system damping to compare the
numerical representation of inherent damping to experimental results, and to
compare the overall system damping provided by different combinations of
externally introduced passive damping mechanisms.
3) Obtain numerical overall system damping results for the models used to
represent the Truss Boom presently erected at the NASA Langley Research
Center.
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1.4 Review of Past Studies
Methods of damping representation were reviewed to become familiar
with methods available prior to the development of the models presented in
Chapter Two.
1.4 (a) Linear Representations of Passive Damping
Belvin [2] and Bowden [20] note that the simple model (commonly
know as the Voigt model) is sufficient for characterizing the inherent
damping and stiffness of the Truss Boom joints and struts because a large
space structure is predicted to only experience low frequency oscillations.
The excited frequencies of the joint and strut members are constrained to be
those of the truss, which are much less than the members' natural
frequencies (7Hz for first bending of the Truss Boom shown in Fig. 3.4
compared to approximately 50Hz for transverse natural frequency and
1500Hz for longitudinal natural frequency of an aluminum strut).
The purpose of the presentation of the displacement, velocity, and
acceleration solutions due to a simple step load in 2.2 is to point out the
importance of representing the structure's behavior at high frequencies.
Although higher modes may be separated considerably in terms of frequency
and thus appear negligible relative to the dominant mode (Hasselman [19]
discussed the dependence upon frequency of the uncoupling of modes), they
may contribute to the frequency dependence of damping. The general model
(commonly known as the standard linear model) incorporates the frequency
dependence of some forms of damping and is discussed in more detail in 2.4.
Still, the simple model is often used because of the simplicity of its modeling
in a finite element code.
q2 k 9q
Figure .. Simple ModelF
Figure 1.1. Simple Model
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The equivalent forcing for the simple model is given as,
F = c(q 2 - 41 ) + k(q2 - ql) (1.5)
Based on this model it is possible to incorporate joint damping and stiffness
as externally applied forces into the equations of motion [21] when the
equations are in the form:
[m]{[} + [c]{} + k{q} = {Q} (1.6)
Bowden [20] analyzed the three joint beam model shown in Fig. 1.2 to
explain how joint stiffness and damping affects the mode shapes and modal
frequencies of truss members. The four beams are connected by joints which
essentially represent a pinned condition by restricting the transverse
displacements to be continuous and the rotations to be discontinuous. This
was done to allow the rotational stiffness and damping of the joints to be
modeled discretely in the simple model form.
7 12
2 4 6 9 11
Figure 1.2. Bowden Three
13 15
S17
14 16
Joint Beam Model
I
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q6
Figure 1.3. Simple Model of Rotational Joint Stiffness and Damping
The equations of motion resulting from a finite element formulation of just
the beams are:
[m]{4j} + k{q} = {Qgen} (1.7)
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The generalized forcing vector {Qgen} consists of the applied external loads on
the beam as well as the action-reaction internal forces in the joints, FJ. From
Fig. 1.3,
Fj = kj(q 7 -q 6 )+ CJ(Ci7 - q 6 ) (1.8)
and
Q6 = Fj
Q7 = -Fj
Adding the action-reaction internal forces of each joint to the above equations
of motion yields a new set of equations:
(1.9)[m]{4} + [c]{l} + k{q} = {Qext I
where
[m] = [m]beams
and
[c] = [c]joints
where
c6,6, c7,7, c11,11, c12,12, c16,16, and c17,17 = cj
and c6,7, c7,6, c11,12, c12,11, c16,17, and c17,16 = -cj
or at each joint the following damping matrix is assembled
-cj cJ]
and
[k] = [k]beams + [k]joints
where for [k]joints
k 6,6, k 7 ,7, kll,ll, k1 2,12 , k1 6 ,1 6 , and k 17 ,17 = kj
and k6 ,7 , k 7,6, k1 1 ,12 , k1 2 ,1 1, k 1 6,17, and k 17 ,1 6 = -kj
or at each joint the following stiffness matrix is assembled
-kj
-kj
kj
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and {Qext} = applied external loads. Bowden used these equations of motion
to study the effects of joint stiffness and damping on the beam's dynamics.
For each mode, Bowden calculated a unique joint damping coefficient
cj for which the modal damping is greatest--that is, the magnitude of the
real part of the complex eigenvalue is most negative; see the root locus plot in
Fig. 1.5. The tendency of the poles to swing up is a result of nonproportional
damping; proportional damping would cause the roots to approach the real
axis along uniformly spaced arcs-which are not shown on the plot. At
maximum modal damping-for which the modal decay rate is most
negative-the exercising of the joint(s) and the joint damping are optimal, but
this rate of energy dissipation is maximum only for a unique mode and not for
all modes. The root locus plot indicates that different values of joint damping
produce maximum modal damping for each mode. As the joint damping
increases, the frequency of the mode increases until maximum modal
damping is reached and past that until the joint locks up (lock meaning zero
decay; in other words no excitation ofjoint damping). This plot explicitly
shows how the simple model locks up at high frequencies. One of Bowden's
fundamental rules was the less a joint is exercized-whether because it is
stiff or because it is vibrating in a low mode shape-the more joint damping
is required to achieve maximum modal damping.
This root locus plot in Fig. 1.5was formulated using a prismatic
aluminum beam shown in Fig. 1.4 for the six beam elements of the three joint
beam model with the following properties:
b
Figure 1.4. Prismatic beam
base = b = 0.02 m
height = h = 0.04 m
length = 1 = 0.5 m
modulus of elasticity = E = 69.7x10 9 N/m2
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density = p = 2370 kg/m3
Bowden's Root Locus Plot for three joint
beam when joint stiffness = 0.3EIy/L
8000
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n
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real part of root ar
(decay)
Figure 1.5. Root Locus Plot
EA = 5.52x10 7 N
EIy= 7360 N-m2
EIz = 1840 N.m 2
The values for the joint damping cj were calculated from the equation,
cJ = -( Ely )
Leoo)
= - = ZK 010K =0)
where 0O is a reference frequency determined from the equation,
S EIy
g ULL
(1.10)
(1.11)
mode
mode
mode
mode
mode
mode
SIT
~If- (E~r
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which comes from,
Ko = (1.12)
where the rotational stiffness Ko = EIy/L and inertia Io = gL3 with g = mass
per unit length of the beam element. These expressions for stiffness,
reference frequency, and inertia are dimensional factors with no physical
meaning quoted from reference [20] solely to produce the root locus plot. In
the plot, the damping weighting constant in Eq. (1.10) which is necessary to
achieve maximum modal damping for mode 1 is 2.0, for mode 3 is 0.5, for
mode 5 is 0.3, for mode 7 is 0.15, for mode 9 is 0.1, and for mode 11 is 0.08;
the odd numbered modes are the real parts of the complex symmetric mode
shapes; symmetric with respect to the midpoint of the three-joint beam. For
progressively higher frequency mode shapes the value ofjoint damping cj
must be less to optimally exercise the damping in the joints.
Bowden solved the complex eigenproblem to create her root locus plot;
the plot in Fig. 1.5 was formulated for this thesis. In order to solve for the
eigenvalues and eigenvectors of a damped system, the equations of motion,
Eq. (1.1) are reduced to first order form:
{(i = [A]{x} + {P} (1.13)
where
{x}= ( q } {0 }=( { }} (1.14)
and
[A] =L M ]( 10} (1.15)
-[m]l [k] -[m]- [c] [m]- Q }
Subsequently, the eigenproblem in standard form is given as,
([A] - [I]){} = {0} (1.16)
where Xr is the complex eigenvalue and {p(r)} is the complex eigenvector for
the rth mode. The real and imaginary part of the eigenvalue each have
physical meaning:
Xr = r + io r (1.17)
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where
, = -5rOr (1.18)
when o r = o n and is the decay of the rth mode; cr is the damped frequency of
the rth mode. For a damped vibration, since the modeshape is complex it will
change its spatial distribution and magnitude during each cycle [20]; the
nodes (i.e. the locations at which the displacement is zero throughout a cycle
of an undamped vibration) change location during the cycle of a damped
vibration.
Formulating the external action-reaction internal forces caused by the
stiffness and damping modeled in the joints is relatively simple for a three
joint beam but becomes more difficult for a planar truss and especially for a
three-dimensional truss. Bowden did not apply this joint modeling method to
her planar truss example but rather modeled stiffness and damping at the
interfaces of each truss bay. This method of modeling joint damping is not
incorporated in this thesis but did provide a good knowledge base for the
development of the joint modeling explained in Chapter Two.
Belvin [2] also contributed to the joint modeling presented in this
thesis. Opposed to Bowden's approach of modeling the joint stiffness and
damping utilizing unshared degrees of freedom between the beams, Belvin
used finite elements to represent the joint properties in the equations of
motion. In this thesis, the joint properties are represented using finite
elements. Belvin named his most general representation of joint behavior the
Modified Standard Anelastic (MSA) model. This model modified the general
model by including a friction damping element in parallel with a stiffness
element as shown in Fig. 1.6.
ki k2
Node 1 Node 2 Node 3 k3 Node 4
F F
C
Figure 1.6. Belvin's Modified Standard Anelastic (MSA) Model
He concluded that it was more desirable to have as few nodes-hence
as few degrees of freedom-as possible to reduce the computational effort, so
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he reduced his four node MSA joint model to a two node joint model with
linear stiffness, linear viscous damping, and friction damping in parallel as
shown in Fig. 1.7.
k
Node 1 Node 2
F -F
R
Figure 1.7. Belvin's Reduced Two Node Joint Model
As will be explained in Chapter Two, the joints are modeled as finite
elements in this thesis, and Belvin's work supports this decision.
Using the free decay method, Sheen [11] and Mohr [9] measured the
material damping ratio C for various free-free beam specimens launched into
free-fall in a vacuum. According to Zener, heat flow through metal is a form
of energy loss and is the mechanism that causes material damping.
According to the theory, at low and high frequencies the total heat flow in the
material approaches zero. The frequency at which maximum heating occurs
corresponds to maximum damping and is called the "relaxation frequency" by
Zener. Mohr conducted experiments on specimens with natural frequencies
above the relaxation frequency coR and found them to follow the Zener curve.
However, he conducted experiments on one specimen with natural frequency
below the relaxation frequency and observed higher damping rather than
lower predicted by Zener. Sheen continued Mohr's work conducting
experiments on four specimens with natural frequencies below the relaxation
frequency. Sheen's results are used latter in 2.3 (b) to determine a material
damping coefficient D for aluminum, rather than Mohr's because he obtained
data for more specimens with natural frequencies below the relaxation
frequency. The equation for metals was formulated by Zener and is given as,
where2ET [ ] (1.19)
where
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C = damping ratio
a = coefficient of thermal expansion (m/m-oC)
E = modulus of elasticity (N/m2 )
T = temperature (C)
c = specific heat/unit volume (calories/oC.m 3 )
o = frequency of vibration (rad/sec)
r = relaxation time which is determined by the following equation:
S= c h 2  (1.20)kX2
where
h = specimen thickness (m)
k = thermal conductivity (cal/m.oC-sec).
Therefore, the relaxation frequency is given as,
( R = (1.21)
For aluminum specimens, Sheen and Mohr compared this theoretical
model to their experimental results; see Fig. 1.8. The experimentally
determined material damping ratio followed the Zener curve for frequencies
greater than the relaxation frequency, but not below the relaxation
frequency. According to Fig. 1.8 (b), the relaxation frequency (R is
approximately 35 Hz (220 rad/sec). The resulting values of the damping ratio
for aluminum over a range of frequencies from Sheen's experiments were
approximately 0.0004 < C < 0.0015.
Sheen used three different theoretical models of composite damping to
predict the damping ratios of graphite/epoxy and metal matrix specimens.
The first model is a rule of mixtures calculation provided by Ashton, Halpin,
and Petit [11]. The second model is based on a transformation of complex
moduli provided by Hashin [11]. The third model is based on a compilation of
Hashin's equation using the complex moduli and the shear stress caused by
flexure. Sheen compared some of the theoretical values of composite damping
with the experimental results but these comparisons are not discussed here.
Sheen and Mohr observed composite material damping to be independent of
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Figure 1.8. Zener Curve for Aluminum Compared with Experimental Data
Obtained by (a) Mohr and (b) Sheen; WR = 35 Hz
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frequency and stress. The results of Sheen's experiments for the critical
damping ratios were: for graphite/epoxy with laminate layup [0]8, 0.00049 <
< 0.00064; for [90]8, 0.0055 < C < 0.0066; for [±45]2s, 0.00051 < 5 < 0.00067; for
graphite/titanium, C = 0.00039; and for graphite/magnesium, = 0.00099.
Sigler [16] studied the joint contribution to damping in large space
structures based on combined analytical and experimental results from a
ground-based scaled three-dimensional model of a seven bay section of a large
space structure truss. Sigler noted that damping in a space structure is the
combination of material damping and joint damping. He derived the joint
contribution to damping as follows:
1 AU (1.22)
2ni UT
where
l = loss factor
C AUj = energy dissipated per cycle in the joints
UT = peak strain energy in struts
which eventually he reduced to:
NjEATij (1.23)
NBLTkJ
where
Nj = number of joints
NB = number of bays
E = modulus of elasticity
A = cross-sectional area of strut
LT = strut length
ij = joint loss factor which is a function of two unknowns: strut
strain calculated from the finite element model and energy
dissipation AUj measured experimentally for the individual
joints
kj = joint axial stiffness
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From these equations Sigler was able to estimate the damping ratio for
a full scale model of the space station: 0.002 < C < 0.003 for the first three
modes of the seven bay section.
1.4 (b) Non-linear Damping Mechanisms
All systems exhibit some form of non-linearity and attempts at
linearizing are just as numerous. This thesis will not use non-linear models
because of the efforts by the Spacecraft Structures Branch of the NASA
Langley Research Center to physically linearize the Truss Boom [14].
Instead, a glance at some of the interesting effects which result from
modeling joint and strut non-linearities is mentioned.
Sarver [21] studied a friction damper strut for use in a large space
structure. The damping mechanism is a truss member which consists of a
load-carrying tube and a damping tube placed inside or outside of the load-
carrying tube. Friction damping occurs when the load-carrying member
deflects causing slip between itself and the damping tube. The slip results in
friction heating which dissipates kinetic energy and essentially damps the
structural vibration. Sarver reduced the loss factor r to a function of the
axial stiffness of the friction damper strut and the applied axial load on the
strut. Loss factor values of 0.1 < T1 < 0.3 were attainable for the friction
damper; critical damping ratio values of 0.05 < < 0.15 (5-15%) damping
were possible.
Sarver used a one degree of freedom system model to show that mass
reductions in a structure up to 90% were achievable if friction dampers were
substituted for the typical truss members. By substituting with damping
material, the system mass could be reduced if the addition of damping
material decreased the resonant deflection "more than" the reduction in
stiffness due to the removal of structural material increased the resonant
deflection. This passive damping mechanism could be modeled for
implementation in a finite element program, but no such mechanism is
currently being developed for use in large space structures.
CHAPTER ONE: INTRODUCTION
Sarver [22] studied the damping due to modal coupling caused by the
non-linear non-hysteretic joints of a large space structure. The joint non-
linearity couples the modes allowing intermodal excitation. If a vibration
mode with a low internal damping rate excites a mode with a high internal
damping rate, the energy of the system dissipates faster; and conversely, if a
vibration mode with a high internal damping rate excites a mode with a low
internal damping rate, the energy of the system dissipates slower. A modal
damping rate usually, if damping is viscous (and represented as a simple
model of damping), increases with the modal frequency. Hence, higher modes
have higher internal damping rates than lower modes. According to Zener,
however, the effect of damping decreases above the relaxation frequency of a
material-the frequency at which maximum damping occurs. This relaxation
frequency of materials supposedly will not be reached in a large space
structure because the modal frequency of the structure is much lower than
that of its members; for example, the resonant frequency of the space station
is approximately 0.1 Hz [16] whereas the longitudinal natural frequency of
the proposed aluminum truss member for the space station is approximately
1500 Hz. In general, damping due to modal coupling becomes important
when one, the internal damping in the primary mode is less than that in the
coupled modes, and two, joint non-linearities are significant and non-
hysteretic.
Belvin [2] analyzed a beam with joint model combinations of rotational
stiffness hardening, Coulomb friction, dead band, linear stiffness, and linear
viscous damping. He also studied a planar four-bay truss with joint model
combinations of linear stiffness, dead band, and Coulomb friction. Belvin
conducted load-deflection tests on a Clevis joint to calculate its stiffness and
damping coefficients using a modified least-squares error method based on
optimization strategy. Belvin's attempts at linearization of the joints'
properties for the beam and planar truss showed agreement in frequency but
not amplitude for the undamped cases-the non-linear amplitude was larger.
On the other hand, for the damped cases neither frequency nor amplitude
was similar. Belvin showed that analytical linearization of a joint with
distinct non-linearities-dead band, Coulomb friction, and stiffness
hardening-is a difficult problem to address.
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These examples of modeling joint non-linearities are mentioned to
support the argument for physically linearizing large space structures.
Realizing the difficulties involved with non-linear analysis, the Spacecraft
Structures Branch of the NASA Langley Research Center has restricted the
Truss Boom to linear action: ball joints are rigid, and joint mechanisms are
preloaded to discourage any slip [14].
1.4 (c) Proportional Damping
Rayleigh [23] was the first to formally state the condition for
proportional damping: the equations of motion will be uncoupled when the
dissipation function, F, is a linear function of the kinetic energy, T, and the
potential energy, U. The uncoupled equations of motion are easily derived
from Lagrange's equations of motion:
d aT aT aF au
r + - + - = Qr (1.24)dt r qr a q
where r = 1, 2, ... , n
Caughey [24] extended Rayleigh's results to discrete systems: the damping
matrix [c] is a linear combination of the mass and stiffness matrices [m] and
[k].
[c] = a[m] + P[k] (1.25)
where a and 0 are constants. He further extended Rayleigh's results to show
that proportional damping is possible when the damping matrix [c] is a
polynomial of arbitrary roots of the mass and stiffness matrices [m] and [k].
Caughey found Rayleigh's solution to be sufficient but not necessary for a
damped dynamic system to possess classical normal modes (those modes
which are real and orthonormal). The necessary and sufficient condition is
that the damping matrix [c] must be diagonalized by the same transformation
that diagonalizes [m] and [k]; this transformation is usually the orthonormal
modal matrix [0]. Caughey and O'Kelly [25] explained that damped linear
discrete systems possessing a complete set of real orthonormal eigenvectors
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will possess classical normal modes; complete meaning an eigenvector for
each degree of freedom. They also showed that damped linear continuous
systems possessing a complete set of real orthonormal eigenfunctions will
possess classical normal modes.
Undamped linear dynamic systems possess normal modes [24]. In
general, however, damped systems do not possess classical normal modes,
and the equations of motion must be uncoupled some other way.
1.4 (d) Uncoupling Methods for Nonproportional Damping
As mentioned earlier, it is desirable to uncouple the equations of
motion for many degree of freedom systems because of the high cost
associated with numerical solutions of the coupled problem. Here,
uncoupling methods for nonproportionally damped systems are discussed.
The coupled equations of motion in first order form shown in Eq. (1.13)
with no forcing are given as,
: - [A]x = 0 (1.26)
and may be exactly uncoupled by the complex right and left eigenvectors
(or and or) resulting from the solution of the eigenproblem in standard form
as shown in Eq. (1.16); see also reference [20]. The complex right and left
eigenvectors are defined as,
[A]r r (1.27)
T[A] 4r = Xr4r
where
r = 1, 2, ... , 2n
-4 = rth complex right eigenvector
) = rth complex left eigenvector
Xr = rth complex eigenvalue
The orthogonality relationship is expressed as,
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^T
-S -r = sr r
T (1.28)
.s [A] r = 8sr r Xlr
where
5sr = 1 when s=r
5sr = 0 when s r
^T
gr = Or o (which is useful only when s = r)
The equations of motion in Eq. (1.26) are uncoupled by applying this
orthogonality relation Eq. (1.28). A solution for Eq. (1.26) is assumed in
modal form as,
x = r ir(t) (1.29)
r
where
r (t) = rth modal degree of freedom
which when substituted into Eq. (1.26) produces the equation,
r 5r(t) - [A]r r(t) = 0 (1.30)
r r
Multiplying Eq. (1.30) by each rth left eigenvector (r and applying the
orthogonality relation Eq. (1.28), the equations of motion in first order form
are uncoupled and expressed as,
gr r - Jir r r = 0 (1.31)
The modal degrees of freedom r, the inner product of the right and left
eigenvectors 9r, and the eigenvalue Xr are complex functions. Thus, the
solution of these complex exactly-uncoupled equations requires more
computational effort than solving the real-coupled equations of motion in
second order form in Eq. (1.1) by the Newmark method.
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Cronin [26] stated that for systems with closely-spaced natural
frequencies the off-diagonal terms of[C] are not negligible. In fact, the off-
diagonal terms can be used to develop a better approximation to the exact
solution. He presented three approaches to uncoupling [C]: the simple
approximation, the modified approximation, and the further modified
approximation. The simple approximation is well known as the process of
ignoring the off-diagonal terms of [C] if they are small compared to the
diagonal terms.
Cronin's modified approximation involves a purtubation of the exact
solution. Assuming the equations of motion:
[m]{1} + [c]{l} + k{q} = {Q}e i t
the approximate response qr for the rth degree of freedom may found as,
qr = Ar (1- br) e ic t  (1.32)
where
N OrnQn
Ar = I '
n=1 An
br = 1i ~ Y Am
Ar n=1 Anm(n)=1  Am
An = o - 2 + imnn
rn = component of the mass-normalized eigenvector matrix [4] of the
rth row and nth column
S= small number
o = frequency
Ymn = off-diagonal element factor of modally tranformed damping
matrix where
Fnm = EYnm
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[F] = modally transformed damping matrix (known as [C] in this
thesis)
The term br represents the off-diagonal damping terms and is important
when the modal frequencies are closely spaced. The term Ar is a good
approximation when the modes are lightly damped and widely separated in
terms of frequency.
Cronin further explained that a "best" diagonalizable damping
representation for the further modified approximation (his third approach)-
attained by including damping correction terms-leads to a frequency, load
distribution dependent damping matrix that approximates the solution better
but is also computationally "tedious." He stated that although he did not
claim that Eq. (1.32) was applicable to all damped systems, he believed it
could be applied to large systems with a good chance of yielding satisfactory
approximations of the response. His modified approximation is a possible
uncoupling method but appears computationally expensive.
Hasselman [19] said that the special forms of damping-proportional-
which have been assumed to justify a diagonal damping matrix and which
theoretically uncouple the equations of motion do not have "much physical
justification." He showed that even for a nondiagonal modal damping matrix
[C] the equations of motion are uncoupled when there is adequate frequency
separation between the modes. The equations of motion are coupled only
when adjacent modes are close together in terms of frequency. The amount of
damping in the structure determines what is considered adequate frequency
separation; the greater the damping is in a mode, the greater the frequency
separation must be to uncouple the equations of motion.
Hasselman demonstrated this idea by calculating the nondimensional
impedance degree of coupling matrix [Zn(iw)] which has zeros on its diagonal
by definition. The magnitude of the off-diagonal terms of this matrix
provides a direct measure of the degree of coupling between any two adjacent
modes. This becomes apparent when looking at a plot of the magnitude of the
degree of coupling matrix [Zn(io)] in Fig. 1.9.
The width of the slice is the difference between the frequencies of two
adjacent modes. The further apart two modes are, the wider the slice and
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consequently the smaller the remaining portion. The degree of modal
coupling corresponds to the height (volume) of the remaining portion. Hence,
modal coupling is negligible for widely separated modes even if the off-
diagonal terms of [C] are not small compared to the diagonal terms. Light
damping factors-compared to stiffness and inertia-are only important to
the extent that they dissipate energy over time, and will not couple modes
which are well-separated in frequency because of high cross-modal
impedance, which means the modes are more difficult to couple. Modes with
closely spaced frequencies have low cross-modal impedance which means it is
easier to couple these modes. Hasselman described the degree of coupling
between two classical normal modes as dependent upon three factors: one,
the ratio of off-diagonal to diagonal terms of the modal damping matrix [C];
two, the critical damping ratio C in the two adjacent modes under
consideration; and three, the frequency separation between the two adjacent
modes.
In summary, Hasselman claimed that the greater the critical damping
is for a mode, the greater the frequency separation must be to uncouple the
equations of motion. Even when the classical normal modes-resulting from
the undamped eigenvalue problem-do not diagonalize the damping matrix,
the equations of motion may still be uncoupled if adequate frequency
separation exists between the modes.
Shahruz and Ma [27] discussed the effect of replacing the nondiagonal
modal damping matrix [C] with a selected diagonal matrix. If [C] is
diagonally dominant, choosing the selected damping matrix by neglecting the
off-diagonal terms of [C] minimizes the error. They evaluated the extent of
the approximation-the resulting error-when [C] is replaced with its
diagonal. They presented a proof which showed that if the off-diagonal terms
are small compared to the diagonal terms of [C] and thus the off-diagonal
terms are neglected, the approximate solution is close to the exact solution.
In other words, if [C] is diagonally dominant, the [Cd] that minimizes the
error bound is that which neglects the off-diagonal terms. They presented an
example to illustrate their theoretical developments. The restrictions of their
analysis were linearity and underdamped (C < 1) systems.
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1.4 (e) Summary
Bowden [20] studied the effects of joint stiffness and damping modeled
in the simple model form on the mode shapes and modal frequencies of truss
members.
Sheen [11] and Mohr [9] performed experiments to determine the
material damping ratio of aluminum and of various composite specimens.
Sheen discovered that at low frequencies, material damping is stress
dependent.
Sigler [16] studied the joint contribution to damping in large space
structures based on combined analytical and experimental results from a
ground-based scaled three-dimensional model of a seven bay section of a large
space structure truss. He determined the damping ratio for a full scale model
of the space station to be between 0.2% and 0.3%.
Sarver [21] developed a friction damper strut which if incorporated in a
large space structure, could allow large mass reductions. This is an
attractive feature for large space structure designers because the less the
structure weighs, the less expensive it is to launch the structure into orbit. A
"contemporary" form of Sarver's friction damper strut could be a strut with
constrained viscoelastic layers.
Sarver [22] discussed damping due to modal coupling as a consequence
of the existence of non-linear, non-hysteretic joints in large space structures.
The joints in the Truss Boom are claimed to be non-hysteretic (rigid) but are
not non-linear [14]; dead band behavior is discouraged by a preload-invoking
bolt mechanism in the joint hardware.
Belvin [2] discussed non-linear models of large space structure joints
and specifically tested a Clevis joint which allows slip. He used finite
elements to model the joint damping which is the method used in this thesis.
Belvin attempted to linearize the joint models and discovered linearization
did not model the joint dynamics accurately.
CHAPTER ONE: INTRODUCTION
The equations of motion may be uncoupled [24]-in other words, they
are proportionally damped-if the damping matrix [c] is a linear combination
of the mass [m] and stiffness [k] matrices:
[c] = a[m] + f[k]
The global damping matrices, however, assembled from the individual
damping matrices formulated in this thesis are nonproportional. The
equations of motion in first order form in Eq. (1.26) may be exactly uncoupled
by the complex right and left eigenvectors. Cronin [26] presented a
computationally intensive uncoupling method. Hasselman [19] claimed that
the equations of motion are uncoupled by modal frequency considerations
even if the modally transformed damping matrix [C] is nondiagonal. Shahruz
and Ma [27] showed that ignoring the off-diagonal terms of [C], if [C] is
diagonally dominant, minimizes the error of the diagonal assumption.
The form of nonproportional damping and those possible damping
models developed or used by others have been discussed.
Chapter Two
Damping Representation
2.1 Introduction
Section 2.2 derives expressions for the critical damping ratio in terms
of the loss factor r1, and for the loss factor Ti in terms of the energy dissipated
W and the peak potential energy Upk by addressing the one degree of freedom
system. Section 2.3 discusses a simple model of damping, derives the modal
form of a material damping coefficient D, formulates the beam finite element
matrices of the simple model, and determines a value for D from
experimental results for material damping of aluminum. Section 2.4
discusses a general model of damping, solves the third order general model
differential equation to display the differences between it and the simple
model, formulates the beam finite element matrices of the general model, and
presents a method for determining the three parameters of the general model
from experimental data. Section 2.5 presents the finite element matrices
used to represent a viscous strut developed by Honeywell called the D-Strut
and determines the three parameters of the general model to be incorporated
in these matrices from experimental data provided by the Spacecraft
Structures Branch of the NASA Langley Research Center. Section 2.6
formulates the discretized equations of motion of a tubular resistively
shunted piezoelectric strut and draws the analogy between these equations
and the general model of damping. Section 2.7 presents two methods of
representing mechanistic damping, one of which is used to represent joint
damping, and determines an axial joint damping coefficient ca from
experimental data. Section 2.8 explicitly displays the nonproportionality of
damping at the global level using a typical Truss Boom member as an
example.
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2.2 Review of One Degree of Freedom System
The one degree of freedom system shown in Fig. 2.1 provides a general
discussion of the manner in which damping is represented in this thesis.
x(t)
F(t)
Figure 2.1. One Degree of Freedom System
The equation of motion for this system is
m + ci + kx = F(t) (2.1)
Considering the undamped homogeneous case
mji + kx = 0
the solution is
x(t)= xo coSOnt
where the natural frequency is
an = m
Including damping and forcing and introducing the non-dimensional critical
damping ratio
c
= _ _
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the equation of motion may be expressed as
R+ 2w,,n + co2x = co2f(t)
where
F(t)f (t)
k
For a harmonically applied force
f(t) = fo coscot
a steady-state solution for x(t) may be determined [15]:
x(t) = X(O) cos(ot - 4)
where
X(co) =
(j2 2j1-1 , = tan- 1  COn(0
Li(n -0+ 20 
)
(On
A plot of this steady-state solution for x(t) is shown in Fig. 2.2 given the
values
m = 50 kg
c = 1.25x104 N.sec/m
k = 1.25x10 7 N/m
Fo = 5x105 N
f = F0  = 0.04 mk
On =- = 500.0 rad/sec
c = 0.5
20nm
and setting
o = 400 rad/sec
(2.2)
(2.3)
(2.4)
(2.5)
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Figure 2.2. One Degree of Freedom Response (x(t) solid) Due To Harmonic
Forcing (f(t) dashed)
It is interesting to note that as the forcing frequency o approaches the
natural frequency cn of the system (as the excitation frequency nears
resonance), the response nears being exactly 900 out of phase with the
forcing. Since the damping is analogous to the phase ), the excitation of
damping is maximum when c approaches omn.
Upon viewing the acceleration plots of simulations of the eight bay
planar truss described in 3.4 subject to a step pulse load in Chapter Four, it is
noticeable in Fig. 4.3 that higher modes are being excited. This numerical
phenomenon may be explained by calculating the one degree of freedom
response to a simple step function input; step pulse loads are used in Chapter
Four to represent the worst case loading on a large space structure: missed
docking by a space shuttle.
Taking the Laplace transform of Eq. (2.2) and assuming zero initial
conditions x (0) = x(0) = 0, the equation becomes:
s2 (s) + 2 nS(s) + 02(s) = 02f (s) (2.6)
where
f(s) = F(s) 2 f(S)  F(s)
k n m
Solving for the response
F(s)
x = 2 2 (2.7)
s +2Cons+(n
CHAPTER TWO: DAMPING REPRESENTATION
The Laplace transform of a simple step function is F(s) = Fo/s, so the solution
becomes
X = /m (2.8)
s(S2 + 2 ons + n
and in the time domain the response is:
x(t)= e-1 t ~( 2 Sin On 1- t +cos( on 1 - t),J (2.9)
mn
The frequency squared term o2 in the denominator causeq the higher modes
not to be visible in the displacement solution. The velocity solution in the
time domain is:
k(t) = m' [e t1 2 ( 2 sin(con1 t (2.10)
Here, the velocity has frequency COn in the denominator so pertubations
caused by the presence of higher modes will begin to show. Finally, consider
the acceleration solution:
(t) = n e-Ot sin - t + cos(on- t) (2.11)
The acceleration solution will show more of the higher modes (in transient)
being excited due to a simple step load. Even though the displacement plot in
Fig. 4.3 will appear smooth, the acceleration plot identifies the higher modes
(in transient) that are being excited by the step pulse load. Eqs. (2.9), (2.10),
and (2.11) are plotted in Fig. 2.3.
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Figure 2.3. One Degree of Freedom Response Due To a Simple Step Load
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Consider the complex stiffness representing the static stiffness and
damping of the one degree of freedom system shown in Fig. 2.4:
mi + k(1 + ir)x = F(t)
mi + irlkx + kx = F(t)
(2.12)
x(t)
F(t)
Figure 2.4. One Degree of Freedom System With Complex Stiffness
The complex stiffness expression was originally arrived at by assuming a
harmonically varying response and forcing:
(2.13)
(2.14)
x(t) = Reicot
and
F(t) = Fei t
The original form of Eq. (2.12) in the quasi-real domain was:
k
mx + TI-i + kx = F(t)
(0
which may be put in the form
2+ r 2 ,+ .2x = F(t)11 2 F(t)
n m
(2.15)
Equating this equation to Eq. (2.2) an expression for the loss factor r is
found:
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Tj= 2 ( 0m  (2.16)
COn
When the frequency of response and excitation co nears the resonant
frequency of the system wn (co = Cn), the loss factor may be approximated as
twice the critical damping ratio:
1 = 2 (2.17)
The expression for the loss factor used in this thesis is that defined by
Crandall [40]:
W
-2 (2.18)
This expression is a comparison between the energy lost in a cycle W with the
peak potential energy Upk stored in the system during that cycle. Using the
harmonic force from Eq. (2.3),
F(t) = kf o cosot
= F o cosOct
and resulting steady-state solution from Eq. (2.4),
x(t) = X(W) cos(cot - 0)
the above expression for the loss factor in terms of energies may be
formulated. The work done per cycle was defined in reference [17] as,
=co F(t)dx(t)dt (2.19)
o dt
Substituting the expressions for F(t) and x(t), the work done per cycle (the
energy dissipated during the cycle) is given as,
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W = irFoX(co)sin 0 (2.20)
The strain energy stored in the system during a cycle may be defined as one
half the maximum displacement multiplied by the instantaneous force at that
time [17]:
Upk = Y2 Xmax(t)F(t) (2.21)
The displacement x(t) is maximum when
ot - =0 or ot =
The strain energy (the peak potential energy Upk) stored in the system
during the cycle is then given as,
Upk = YFoX(0)cosl (2.22)
The loss factor 1 is defined as the tangent of the phase angle in the complex
plane, and thus, solving for tano from Eqs. (2.20) and (2.22) the loss factor is
as defined by Crandall [40]:
W
2xUpk
2.3 Simple Model of Material Damping
Assume the stress-strain relationship
Eq. (2.23), as shown in Fig. 2.5.
with strain rate dependence in
(2.23)
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E E(t)
V7 o(t)
D
Figure 2.5. Simple Model of Material Damping
For an experiment, [9] and [11], which determines the material damping for a
beam oscillating in first bending, a derivation of the beam bending PDE is
presented to determine the material damping coefficient D. The axial strain
for beam bending is
2w
e = -z a  (2.24)
ax
and the moment for the beam may be calculated as,
M=- zadA (2.25)
The moment becomes
M z= -f  a 2E- z + D JA
ax2 atax2)
=E z 2dA + D a z2dA (2.26)
xt2 x 2
But I= J z2dA, so the moment is given as,
M = Elw" + DIw" (2.27)
The spatial derivative of shear equals the distributed load along the beam:
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dS
dxPz
where
Pz = distributed load along the beam in the z direction
S = shear in the z direction
and the spatial derivative of the moment is
dM d2M
=S , 2 Pz
dx dx2
For dynamic treatment, pz = -&Xi which represents D'Alembert's inertial
retarding force; there is no applied load. Thus the beam bending PDE is:
jLwv + DIw"" + EIw"" = 0 (2.28)
Employing a Ritz assumed displacement for the first bending mode
shape, the PDE may be reduced to the one degree of freedom equation from
which the expression for D is determined. Assume the first mode shape:
w(x, t) = q(t) sin(7 (2.29)
where q(t) is the transverse displacement at the center of the beam. This
assumed mode shape describes a simply supported beam and satisfies
geometric as well as natural boundary conditions:
w(0) = w(L) = 0
EIw"(0) = EIw"(L) = 0
Substitute this expression for the assumed shape into the PDE:
4  4
7 X iL x E n  n x
pqsin- + DI 4 qsin- + El qsin 0 (2.30)L L L L L
CHAPTER TWO: DAMPING REPRESENTATION
Applying Galerkin's method to minimize the inherent error in the assumed
mode shape, the equation may be reduced. Weighting the equation by the
assumed mode shape O(x) = sin(7cx/L):
S74 
4
0sin .- csin + DIT q sin- + El - q sin dx 0 (2.31)LL LL L
and using
fL sin2(x X = L
o L 2
the equation is reduced to:
D E I 4 . El n4q + q = 0 (2.32)
where
E = 24 (2.33)
is the first natural frequency of a simply supported beam. Hence, the PDE
reduces to:
D+  2 + q = 0 (2.34)
E
which when compared to the one degree of freedom spring-mass-damper
system in the form,
i + 2 1o4 + o2q = 0 (2.35)
the expression for the constant material damping coefficient D is found to be,
D = 2 E (2.36)(01
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The material damping coefficient D is calculated from the modulus of
elasticity E, and from an experimentally determined damping ratio 1I and
natural frequency o1. This representation is accurate only over a narrow
range of frequencies about col because D represents the material damping at
a given frequency ol.
A derivation of the beam axial PDE results in the same expression for
the material damping coefficient D as did the beam bending PDE because the
expression for D is in modal form. Again use the stress-strain relationship
(a = EE + De
The axial strain is
= u =u' (2.37)
ax
and the axial force for the beam may be calculated:
F= I dA
= [Eu'+ Di'6dA (2.38)
= EAu' + DAu'
The spatial derivative of the axial force equals negative the axially
distributed load along the beam:
dF= -Px (2.39)
dx
For dynamic treatment, Px = - ii which represents D'Alembert's inertial
retarding force; there is no applied load. Thus the beam axial PDE is:
pii - DAu" - EAu" = 0 (2.40)
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Employing a Ritz assumed displacement for the first longitudinal mode
shape, the PDE may be reduced to the one degree of freedom equation from
which the expression for D is determined. Assume the first mode shape:
u(x,t) = q(t)sin 1- (2.41)
2L
where q(t) is the longitudinal displacement at the tip of the beam. This
assumed mode shape satisfies the longitudinal motion boundary conditions of
a simply supported beam axially free at one end
u(O)= 0
EAu'(L) = 0
Substituting this expression for the assumed shape into the PDE and
applying Galerkin's method, the PDE reduces to
D EA i2  EA t2
i + 2 + q =0 (2.42)E g 4L 4L
where
n; IEAS -- IEA (2.43)
is the first axial natural frequency of a simply supported beam. Hence, the
axial PDE reduces to:
q + co2 2q = 0 (2.44)
This equation is the same as that derived for beam bending, as it should be
since it is in modal form.
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2.3 (a) Beam Finite Element Formulation for Simple Model
The Rayleigh beam mass and stiffness matrices are formulated
beginning with the Principle of Virtual Work and D'Alembert's principle [13]:
kl (YdV=f 6 QT -pidV j 6+ST 8udA+xi TF'
Vif f
(2.45)
Consider the no forcing condition:
Pfv uTiidV + f 8TdV = 0 (2.46)
The constant material damping coefficient D is a material property
comparable to the modulus of elasticity E. Thus, the stress-strain
relationship with material damping included is assumed as,
q = [E]e + [D]_
Tzx
E 0
E0
2(1+v)
0 0
0
0
E
2(1+v)
Yxy +
0
D
2(1+v)
0
0
0
D
2(1+v)
Yxy
IYzxJ
(2.47)
(2.48)
where for an isotropic material the shear modulus is
EG- 2(1+ v)
This will produce a damping matrix [c] proportional to the standard stiffness
matrix [k] for a Bernoulli-Euler beam element.
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ztj
6 x 12 /q
qi q4 q7 qlo
D
Figure 2.6: Finite Element Simple Model
q12
ql
q6
qi q2 q5
q4
Figure 2.7: Beam Finite Element
For the element shown in Fig. 2.7 and the simple model with degrees of
freedom shown in Fig. 2.6, the beam stiffness matrix is given as,
EA EABA 0 0 0 0 0 0 0 0 0 0
L L
0 12EIz 0 0 0 6EI 0 12EIz 0 0 0 6EIz
L L 2  L L212EIy 6E1y 12EIY 6EI
GJ GJ0 0 0 L 0 0 0 0 0 GJ 0 0
L L6EI 4EIy 6EI 2EIy
L L L2  L
0 6EIz 0 0 0 4EIz 0 6EIz 0 0 0 2EIz
2[k L i- -L2  L0[k]00 = -EAo-o (24
0 0 0 0 0 0 0 0 0 0L L
12EIz 6EIz 0 12EIz  6EI z
L L6EIy 2Ely 6Ely 4Ely
0 0 L2 0 L 0 0 0 60 0 L 0
L L L? L
0 6Ez 0 0 0 2EI 0 6E 0 0 0 4E
S L 0 0 0 L
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and the corresponding damping matrix would be given as,
[C]beam = D[k]beam  (2.50)
2.3 (b) Experimental Determination of Material Damping Coefficient
D for Aluminum
A clamped eight bay planar truss model shown in Fig. 2.8 and
described in 3.4 is chosen as a simple representation of the full three-
dimensional eight bay Truss Boom shown in Fig. 3.4 because a three-
dimensional model would require 1308 more degrees of freedom than this
planar model.
At a given frequency of vibration of the truss structure, the constant
material damping coefficient D is calculated from Sheen's [11] experimental
results. The first bending modal frequency of this planar model is 54.64
rad/sec; higher modes are excited as evident by Fig. 4.3 and Eq. (2.11) but are
ignored for this calculation of material damping because first bending is the
dominant mode. Sheen presented results for the material critical damping
ratio C of aluminum at 110 rad/sec but not lower. His experiments showed
that for frequencies below the relaxation frequency (the frequency defined by
Zener [18] to be the frequency at which maximum damping occurs), damping
increases and is extremely stress dependent: the critical damping ratio 5
varied from 0.0024 to 0.0047 for stresses of 8.5 to 12 ksi (low stress
corresponds to low damping). This contradicts Zener's theory which claims
that damping decreases as the frequency decreases below the relaxation
frequency; see Fig. 1.8.
Here a guess is made for C at 54.64 rad/sec based on Sheen's
experimental data for C at 110 rad/sec. Test data for an aluminum specimen
with natural frequency ol = 55 rad/sec would make this approximation more
accurate but such data was not provided. It is assumed here that C at 54.64
rad/sec will be greater than 5 at 110 rad/sec. Mohr's [9] experiments also
supported this assumption that damping increases rather than decreases
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Figure 2.8. Eight Bay Planar Truss Boom Representation
68
ok 8c: -i~
CHAPTER TWO: DAMPING REPRESENTATION
below the relaxation frequency; as of yet, though, this phenomenon is
unexplainable. The Truss Boom struts are expected to experience an axial
limit load of 800 lbf [33] which leads to an expected axial stress of
8001bf/0.1745in 2 = 4.6 ksi. Damping ratios at a similar stress level (4.4 ksi)
and lowest frequency test (111.1 rad/sec) conducted by Sheen are listed in
Table 2.1.
Specimen Frequency (rad/sec) Stress (ksi) Damping Ratio
Truss Boom Al Strut 54.64 4.6 ?
Sheen's Al-5 Beam 111.1 8.5 0.00237
Sheen's Al-7 Beam 401.2 4.4 0.00167
Table 2.1. Sheen Data versus Truss Boom Strut Characterization
The experimental natural frequencies in Table 2.1 were checked
against the natural frequencies calculated from the specimen properties:
E = 69.7x10 9 N/m2
width = 1 in = 0.0254m
thickness = 0.031 in = 7.874x10-4 m
then
I = 1.033x10 -12 m 4
Properties unique to specimen Al-5 are:
length = 18.94 in = 0.481 m
mass = 1.794x10 -3 slugs = 0.0262 kg
mass per unit length = g = 0.0545 kg/m
and for specimen Al-7:
length = 10.0 in = 0.254 m
mass = 0.947x10- 3 slugs = 0.0138 kg
mass per unit length = p = 0.0543 kg/m.
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The free-free natural frequency for first beam bending is [41]:
ml = 22.373 E4 (2.51)
The natural frequencies for specimens Al-5 and Al-7 are then calculated to be,
m = 111.3 rad (A-5)
sec
ml = 399.4 rad (Al-7)
sec
Both frequencies correspond to those experimentally determined, 111.1
rad/sec and 401.2 rad/sec.
Based on Sheen's results, as stress decreases at a given frequency, 5
decreases as well. Assume that at approximately 110 rad/sec and 4.5 ksi, =
0.0016 since the damping will be less at lower stress. Based on the work by
Sheen [11] and Mohr [9], it is not possible to discern whether C will plateau at
a certain stress level. Not enough specimens with different natural
frequencies were tested to make such an assumption. But an assumption will
be made here in order to obtain a guess: for frequencies below the relaxation
frequency, damping increases as frequency decreases. Based on this
assumption, C is increased to 0.0024 (from the assumed 0.0016 above). The
guess is now,
= 0.0024 at 54.64 rad/sec
at an expected maximum operating stress of 4.6 ksi. Therefore,
_1 0.0024 N N sec
D =2 E = 2 69.7x10 = 6.12x10 6  (2.52)
(o1  54.64 rad/sec m m 2
For values of damping this small (0.24%), damping could be considered
negligible. But this is not assumed because if the material damping of the
struts had not been considered, all inherent damping would have been
attributed to the joints. This calculation of the material damping coefficient
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D is inaccurate because no experimental data for an aluminum specimen
with natural frequency ol = 54.64 rad/sec was provided. Note that for a full
three-dimensional model of the Truss Boom, experimental data for an
aluminum specimen with natural frequency col = 44.0 rad/sec would be
needed.
2.4 General Model of Material Damping
Instead of the simple model of material damping developed in 2.3,
assume the material behaves like a standard linear solid, as shown in Fig.
2.9, and from now on called the general model.
Eo
t- . . . > (t)
El(t) E(t)
Figure 2.9. General Model of Material Damping
The stress-strain equation
a = Eoe + El (F - E1)  (2.53)
and the dissipation equation
EI(e- e1)= Dj 1  (2.54)
describe this material behavior. Another form of these equations is given as,
S= Eo + D(2.55)
(2.55)
where
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D1T1 -  
-
El
Using the axial strain for beam bending,
12
E = -Z =2 --ZW (2.56)
1 2W1
1 = -axZ ZW 1
the moment for the beam may be calculated as,
M = -f zedA d (2.57)
= EoIw" + DIW '
The beam bending PDE becomes,
' + D11wv"""'+ E0Iw"" = 0 (2.58)
As before, assume the mode shapes:
w(x,t) = q(t) sin(
L (2.59)
w1(x,t) = qi(t)sin( L.
where q(t) is the transverse displacement at the center of the beam and ql(t)
is the dissipation coordinate with no geometric location. Substituting these
expressions for the assumed shapes into the PDE and applying Galerkin's
method, the PDE is given as,
D1 E1 EoI 714 EoI 49 + 4 +1 E0 4 q = 0 (2.60)
Ewhere Ethe first natural frequency L
where the first natural frequency is
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= 2E 01
O1 L4
The PDE becomes:
4 + rlal(llq, + co1q = 0
where
El
Eo
The dissipation equation becomes
TzI + ql = q
The second order beam equation Eq. (2.62) and the first order dissipation
equation Eq. (2.63) may be solved for the response q.
A derivation of the beam axial PDE results in the same equations as
for the beam bending PDE because the equations are in modal form. The
axial strain for beam elongation is
Bu ,
el= a = U1
ax
and the axial force for the beam may be calculated:
F= lodA
= EoAu' + D1Ai
The beam axial PDE becomes:
gii - D1Ait" - EoAu" = 0
(2.65)
(2.66)
(2.61)
(2.62)
(2.63)
"A'
k2.6)
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Assume the mode shapes:
u(x,t) = q(t)sin(2-L
ul(x,t) = q(t)sin
where q(t) is the longitudinal displacement at the tip of the beam and q1(t) is
the dissipation displacement. Substituting these expressions for the assumed
shapes into the PDE and applying Galerkin's method, the PDE reduces to
D1 E 1 E0A x 2  EoA 2S+ EE + q = 0 (2.68)
E 1Eo  4L 4L
where the first axial natural frequency of a simply supported beam is
01 = c (2.69)
As expected, the PDE becomes
4 + tz1a1 oq 1 + co1q = 0
and the dissipation equation becomes
tz41 + ql = q
These equations are the same as that derived for beam bending, as they
should be since they are in modal form.
A third order equation describing the general model may be formulated
by defining the dissipation strain el in terms of the actual strain e:
E1 = (2.70)l1s +1
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Substituting this expression into the stress-strain Eq. (2.55) and proceeding
through the formulation, the following third order equation results:
T14 + qi + Tz(l++x 1 ) 21 + o2q = 0 (2.71)
There are four limiting cases for this equation:
One: As E 1 -- 0, the equation reduces to the free oscillation equation:
+1iq = 0
which upon integrating once becomes,
+j  o2q = 0
Two: As E 1 - oo, the equation reduces to the simple model form:
+-o D q+ o 1 q =0
Eo
Three: As D 1 -> 0, the equation reduces to the free oscillation equation:
4+co2q=0
Four: As D 1 - oo, the equation reduces to the free oscillation case with
additional stiffness factor xl:
S+ (1 + a)o2ql = 0
which upon integrating once becomes,
4 + (1 + al)o 1q = 0
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2.4 (a) Free Vibration Solution for General Model
Consider the general model in discrete form and with a mass attached
as shown in Fig. 2.10.
F F(t)
I-) q(t)
ci zi(t) ki
Figure 2.10. General Model Spring-Mass Damped System
m = 10 kg
ko = 1000 N/m
kl = 5000 N/m
Cl = 300 N-sec/m
The equations of motion describing this system are given as,
mq + koq + kl(q-zl) =
Clil = kl(q-zl)
or equivalently,
m4 + ko q + c zi,
L l + z 1 = q
Defining now the parameters,
C1
k, 1 
= k,ko (01 = kom
(2.72)
(2.73)
(2.74)
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the Eqs. (2.73) can be rewritten in the standard form of Eqs. (2.62) and (2.63)
as,
4i + 2( i + 02 q (2.75)
T1 i1 + ql = q
These two equations may be combined to the single third order equation with
no forcing derived earlier in Eq. (2.71):
r1q + i + tI(1+ac)olq + (q =
It is convenient to non-dimensionalize this equation by introducing the non-
dimensional time variable 0:
0 = Olt (2.76)
where
d d
dt dO1dt dO
(2.77)etc.
This is done to make the response dependent upon only two parameters: the
previously defined stiffness factor a1, and a newly defined non-dimensional
damping parameter olr1. The non-dimensional ODE is then
((oll)q"' + q" + (olzl)(l+ al)q' + q = 0 (2.78)
dq
q' = , etc.
dO
The roots of the characteristic equation are found-numerically. There are two
possible solutions: one for three real roots,
q(O) = AlerLe + A2e r2 + A3e r 3 (2.79)
or for one real root rl and a complex conjugate pair root r2 = a + ib,
where
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q(O) = Aierle + A2eao cos(be) + A3eae sin(b0) (2.80)
Three initial conditions are required to solve this third order ODE to
determine the three coefficients A1, A2, and A3. For free vibrations, assume
an initial non-dimensional displacement for q, zero for velocity q', and ql =
q, i.e., no stretch in the spring kl,
q(0) = q0 =1
q'(0) = 0
q(0)= q(0) = 1
From the first order equation Eq. (2.63), this gives q'(0) = 0, and from the
second order equation Eq. (2.62),
q" + (w)1 l)aqj + q = 0
q"(0) = -qo0 = -1
The theme of this thesis is damping, hence the free vibration response
is determined for varying values of the damping coefficient cl, or rather the
time constant tl, or for this problem the non-dimensional damping parameter
co1tz. The variations in response of the simple model due to changes in
damping coefficient c are well known [15]. Two limiting cases of variations in
cl were discussed in the previous section: D 1 (or cl) -- oc and D 1 (or cl) -> 0.
In addition to these two limiting cases, four other intermediate cases are
discussed here. The value for the stiffness factor
=z - k'- 5
ko
remains constant. For very little damping olT1 = 0.001 the response shown in
Fig. 2.11 is generated. This displays the limiting case D1 -* 0. For the
damping parameter olT1 = 0.1, the response in Fig. 2.12 is generated which
displays a common damped response. For the damping parameter o01T 1 = 0.3,
the response in Fig. 2.13 is generated which is close to a pure decay. For the
simple model, at this stage of increasing damping, more damping produces
only slower decay than that shown in Fig. 2.13. For the general model, this is
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not the case. The response will decay at a slower rate but will begin to
oscillate about its decay; for the damping parameter ol 1 = 1, Fig. 2.14 is
generated. The oscillation becomes more pronounced as damping is increased
further with a damping parameter of oy 1T = 5; Fig. 2.15 is generated.
Increasing damping even further produces the limiting case as D 1 (or cl) -
oo: undamped oscillation at higher frequency and smaller amplitude than the
response as D1 (or cl) -> 0 because of the addition stiffness ki. The response
shown in Fig. 2.16 is generated with damping parameter otz = 50. Since the
initial conditions set q1(0) = q(O), the response as colil increases oscillates
about the q1(0) position; but slowly decays as the "highly viscous damper"-
predicted by a large value of oltl-relaxes.
It should be noted that for high damping values of olri, an alternate
type of response is also physically possible. This would occur if q were
stretched quickly to qgo and then released before the spring ki had time to
unstretch, because of restraint from the large damping cl. For this case, the
initial conditions would be,
q(O) = qo0 = 1
q'(0)= 0
q1(0) = 0
which from Eqs. (2.62) and (2.63) would lead to,
q"(0) = -(1+al)qo = -(1+X 1)
in place of the previous conditions. This yields the alternate response for
ollt1 = 50 shown in Fig. 2.17.
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Figure 2.11. Response with Damping Parameter coll = 0.001
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Figure 2.12. Response with Damping Parameter yolcz = 0.1
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Figure 2.13. Response with Damping Parameter oclt1 = 0.3
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Figure 2.15. Response with Damping Parameter wl1 l = 5
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v v
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Figure 2.17. Alternate Response with Damping Parameter coltz = 50 and
q1(0) = 0
2.4 (b) Beam Finite Element Formulation for General Model
An assembly of beam finite element matrices describing a general
model of damping results in 18 by 18 stiffness and damping matrices. Each
"element" in Fig. 2.18 of the general model is treated as a Bernoulli-Euler
beam element.
q61 q
q3
qi q4
x
x q12 /ql
q7 qio
q15 l4
q13 q16
Figure 2.18. Finite Element General Model
Degree of freedom vectors xl, x2, and X3 are introduced to clarify the
assembly of the general model damping and stiffness matrices:
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X1 =
91q
q2
q3
q4
q5
tq6
dissipation coordinates = X3
q7
q8
99
X2 = q910
911
q12
q 13
q14
q15
q16
q17
1918
A stiffness matrix [k]o for the element E0 is defined as
[[k11]o0 [k12[k]o -- T 1------ k2]o
1 k210 1k22101
associated with xx2
X2
°A 0 0 0 0 0
L
12Eolz 6Ez 10 0 0 0 L
12EoIy 6EoIy
0 0 0 0L3  L2
GoJ0 0 0 G°J 0 0
L6EIy 4 EoIy O0 0 O 0
Eo A
L
0 0 0 0 0
0 12EoIz
L3 2 1
0 0
0 0
0 0
0 0 0
S L22E!Yo 0 .,
L
0
6Eo0 y
L"
GoJ 0
L
-iT
0 2E0IY
ILL
0 6EoIz 0 0 0 4EoIz 0 6EIz 0 0 0 2EoI
AL L L t L
L3 0 0 0 0 0 0 0 0
12EoIy 6EoIy 12EoIy 6EoIy0 0 0 0 0 0 0 L O --- 0
0 0 0 °0 60 0 0 0  0 G0 0
L 
L
6EY 2EoIy 6EoIy 4Eolyo 0 0 0 0 0 0 0
L2  L L L
0 6EoIz 0 0 0 2E01z 0 6E0Iz 0 0 0 4E01z
L2 L L2 L
Similarly, a stiffness matrix [k]l for the element El
where
[k] o =
= 4
E
is defined as
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[k], -E - l----[kl] I [k1221
[k]l = Lk12l I [k22]1
=- [k]o
E0
associated with
and a damping matrix [c]l for the element D1 is defined as
[c 1 21 1  121[c]1 - 7 ------ 1[k]o
[c 12 1 [c 22] 1 E0
associated with
Based on the degree of freedom numbering displayed in Fig. 2.18, the 18 by
18 stiffness and damping matrices for the general model are assembled from
the equations above:
[kll]o
[k]G = I[k12]
S[0]
[k120]o
[k 22 ] 0 + [k 111
[k 1 2 ]T
[k12]1 associated with x2
[k221j x3
[C111 [0] [C12]11x
[c]G = [0] [0] [0] associated with X2
L[c12]1 [0] [c22]1J {x3
(2.82)
Degrees of freedom q13 through q18 are dissipation coordinates with no
geometric location in the structure, and hence remain unaffected during any
subsequent structural assembly process. These matrices may be reduced
according to the problem under consideration. Usually these matrices are
reduced to only one degree of freedom type: axial, torsional, shear, or
rotational. The well known case is the axial one. Yiu [34] provides a good
discussion of the axial case. The axial case is used in this thesis to model a
passive damping mechanism created by Honeywell called the D-Strut. The
matrices for the axial case are given as,
2
2i3
{3
and
(2.81)
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EOA 0 0 0 0 0 EoA 0 0 0 0 0 0
L L
0 00000 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0oooo o
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 000 0
0 0 0 0 0 0 0 00 0 0 0 0
0A -------------- i' --- --- -- - - .0 0 0 00o 0 0 0 0 0
L L L
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 00000 0
0 0 0 0 0 0 0 0ooooo 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0
L L
S 0 0 0 0 0 0 0 0 0 0 0 -
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 000 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
--------------
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0: 0
0 0 0 0 0 0oo 0 0 0 0 0 i
0 0 0 0 0 0 0 0 0 0 01 0
0 0 0 00 0 0  0 000 0
0 0 0 0 0 0 0 0 0 0 0
L 4 --------------- IL0 0 0 0 olo 0 0 0 0o o
SLI
11
with x2
q13
' 13
C113
Ignoring all degrees of freedom except for the axial degrees of freedom q7 and
q13, these matrices are realizable from the stress-strain equation and the
dissipation equation given by Eqs. (2.53) and (2.54) which can be rearranged
into the form,
T = (Eo + E1 ) - El1e (2.85)
(2.86)
and
[C]ial =
(2.83)
(2.84)
[k]axia =
fo Y (E + E l) -Eo
=L -El El (El1+ 0 D]i 1( J
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2.4 (c) Impedance Formulation for General Model
The impedance of the general model in the Laplace domain may be
formulated by placing Eq. (2.85) in the Laplace domain.
o(s) = (E0 + E1)E(s) - E1 1e(s)
(2.87)
E1 (S) - E(S)
ss + 1
Rearranging Eq. (2.87) yields the general model impedance shown in Fig.
2.19.
E(S)
U(s)
Figure 2.19. General Model Impedance ZG(s)
Y(s) = ZG (s)e(s)
ZG(s) = Eo + EDis + E1
(2.88)
(2.89)
The general model impedance in the frequency domain, displaying the real
and complex components, is given as,
al (,C,10) 2
ZG (i = Eo 1+- 21 + (E) 2
= ER + iE I
1+ ('1 () 2 (2.90)
where
D,
"1 ='D1
Ez
The frequency dependent modulus is the real part of ZG(ico),
where
E1
0 " ,
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= 1 + (1 + (X1)('ir0) 2  (2.91)ER = E 1+(1+ 2  (2.91)
and the loss factor is
E - - (2.92)
ER l+ (1 + al)(T0lO)
The loss factor is maximum at
Ot= 1 (2.93)
Now consider the modulus expression. As co -* 0 the frequency dependent
modulus approaches the static modulus EO. As o - oo the frequency
dependent modulus approaches the dynamic modulus which is the sum of the
two moduli:
Eo(1 +al) = Eo + E1  (2.94)
The E1 modulus may then be determined. To match the general model peak
at an experimental peak, the material damping D 1 may be solved from the
expression for the maximum loss:
D
- 
E 1 (2.95)
0peak 1+1
The impedance formulation is useful for determining the general model
parameters from experimental results. An application of this method for
finding the parameters of a viscous D-Strut is given later in 2.5 (b).
For interest here, the impedance characteristics of the general model
were worked out for the same case examined earlier in 2.4 (a), namely,
S= E = k, = 5
Eo ko
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and varying values of cY1 = coD 1/E 1 = coCl/k 1 . The results for real stiffness
= ER = kR and loss factor T! = EI/ER = kI/kR are given in Fig. 2.20. From Eq.
(2.93), a value of oy for a given a, at which the loss factor is maximum may
be calculated. Notice in Fig. 2.20 the loss factor curve peaks at approximately
com = 0.4 which is the value calculated from Eq. (2.93) when ac = 5.
2.5 Viscous Strut
Viscous struts may replace some of the structural aluminum struts; or
graphite/epoxy struts for the flight structure. One was manufactured by
Honeywell and is called the D-Strut; see Fig. 2.22. Their lengths are the
same as the aluminum struts that they will replace in the Truss Boom: 0.72m
and 1.134m. Modeling methods have been discussed ([6], [7], and [10]) but
were not based on the experimental results provided by the Spacecraft
Structures Branch of the NASA Langley Research Center [33].
A D-Strut member that would replace a longeron weighs 3.3 lbm (1.50
kg) and one that would replace a diagonal weighs 6.25 lbm (2.83 kg) [33]. The
passive damping mechanism of the D-Strut is the flow of a light silicon oil
through a small orifice; the shear in the fluid provides the damping. A
stainless steel inner tube was used in the D-Struts for testing at NASA
Langley in order to cause the stiffness kl of the spring in the Maxwell
component of the general model to approach infinity (ki -- oo). This occurs
because the stiffness of the inner tube is so large relative to the other
stiffnesses in the original physical model of the D-Strut [7]. This was done in
order to reduce the general model to a simple model which is easier to
incorporate in a finite element analysis program. This is not an advisable
model to utilize because the frequency dependence inherent in the D-Strut is
not represented; see Fig. 2.24. Along with a dominant mode of vibration,
other higher modes are excited; see Fig. 4.3. Hence, the damping at all
frequencies should be represented. See 2.2 for the discussion of high modal
excitation evident in the simulation plots to be discussed in Chapter Four.
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Figure 2.20. Stiffness and Loss Factor of General Model Impedance ZG(s)
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2.5 (a) Finite Element Representation of A Viscous Strut
The continuous formulation of the structural equations of the general
model was discussed in 2.4. Here, the discrete axial case is used for ease of
modeling.
The general model ensures frequency dependent representation. In
the commercial structural analysis program NASTRAN, an option exists to
incorporate a constrained degree of freedom. The way to model the general
model in the time domain is to incorporate this constrained degree of freedom
in a finite element program; in a frequency domain formulation this
additional degree of freedom is implicit. Section 2.4 (c) discusses a frequency
domain formulation and the implicitness of the dissipation degree of freedom.
Here, only the axial degree of freedom is of interest because it is the motion
for which the D-Strut was designed to damp and that for which experimental
data was obtained. Attempting to reduce this degree of freedom out of the
general model erases the frequency dependence for which it was introduced
in the first place. Hence, these extra dissipation coordinates are retained in
the equations of motion as they are; i.e. they are not transformed to the global
coordinate system.
qi q4 q7 qlo
Cl q13 k]
Figure 2.21. Discrete Axial Case of General Model
Figure 2.21 shows the general model with its twelve nodal degrees of
freedom and dissipation coordinate q13. Degree of freedom vectors xl and x_2
defined earlier are used to clarify the reduction of the general model damping
and stiffness matrices in Eqs. (2.81) and (2.82) to the discrete axial case. The
resulting 13 by 13 stiffness and damping matrices are:
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Figure 2.22. Honeywell D-Strut [6]
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ko 0 0 0 0 0 -ko  0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0  0 0 0 0 0 0 0 0 0 0
__ - - _ I ---------------------
-k o0 0 0 0 0 ko + k I 0 0 0 0 00 -k I
0 0000 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 ooooo 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 -kI  0 0 0 0 0 k,
c0 0 0 0 0 0 0 0 0 0 0 0 -c
0 0 0 0 0 01 0 0 0 0 0
0 0 0 0 0 0:0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 00 0
0 0 0 0 0 010 0 0 0 0 0 0
-- t
0 0 0 0 0 0,,0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 010 0 0 0 0 0 0
0 0 0 0 0 0,0 0 0 0 0 0 0
-c 0 0 0 0 00 0 0 0 0 0 c1
-0300000000000 o c
with 1 2  (2.96)
q13
with 132
gl13
(2.97)
These are exactly analogous to the previous matrices-given by Eqs. (2.83) and
(2.84) for the beam finite element formulation of the general model. These 13
by 13 matrices must be transformed to global coordinates by a 13 by 13
transformation matrix. The dissipation coordinate (the 13th row and column)
is carried along without transformation. This transformation retains the 12
by 12 transformation matrix calculated for the beam finite element mass,
stiffness, and damping matrices and adds in a value of 1 at the 13th diagonal
component of the 13 by 13 transformation matrix. Explicitly, this
transformation matrix is:
[k]DStrut =
and
[c]DStr
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T 1 1 T 12 T 13  0 0 0 0 0 0 0 0 0 0-
T 12 T2 2 T 23  0 0 0 0 0 0 0 0 0 0
T13 T23 T 33  0 0 0 0 0 0 0 0 0 0
0 0 0 T44 0 0 0 0 0 0 0 0 0
0 0 0 0 T55  0 0 0 0 0 0 0 0
0 0 0 0 0 T 66  0 0 0 0 0 0 0
------------------------ 4--------------------
[T]Dtrut= 0 0 0 0 0 0 T11 T12 T13  0 0 0 0
0 0 0 0 0 0 T12 T22 T23  0 0 0 0
0 0 0 0 0 0 T13 T23 T33 0 0 0 (2.98)
0 0 0 0 0 0 0 0 0 T 4 4  0 0 0
0 0 0 0 0 0 0 0 0 0 T55  0 :0
0 0 0 0 0 0 0 0 0 0 0 T 66 :0
o o 0 0 0 oVo 0 0 0 0 oi
where Tij is the transformation between local degree of freedom i and global
degree of freedom j. The transformation used for degrees of freedom 1
through 6 is the same as that used for degrees of freedom 7 through 12. Also,
the substitutions reflecting Tij = Tji have already been made. There is no
transformation for degree of freedom q13, the dissipation coordinate.
2.5 (b) Determination of Parameters From Experimental
Characterization of D-Strut
An accurate representation of the D-Strut which captures its frequency
dependence is the axial case of the general model shown in Fig. 2.23 and
discussed previously.
x ko
qi q2
C1 zi ki
Figure 2.23. Discrete Axial Case of the General Model With Only Axial
Degrees of Freedom Used
The impedance for the general model Eq. (2.89), in discrete form becomes,
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Z,~(s) = k + ks
.. x-, -- U -
and
Z3(i() = ko 1+
a I(TIO)
1 + (trl)
c2s + k,
2J +iko
(2.99)
UjT1 O)+ (,j(0) (2.100)
= kR + ikI
where
ClI1=' -
The frequency dependent stiffness is the real part of Z3(io),
Sk 1+ (1+ a1 )(t 1wO) 2kR =k 0 2+(-1 0) (2.101)
and the loss factor is
k, _ az 1C t 2kR 1 + (1 + 1)(T1) 2
(2.102)
The loss factor is maximum at
1+ a1
As co - 0 the stiffness approaches the static stiffness ko, and as o - oo the
stiffness approaches the dynamic stiffness ki + ko. These two values may be
approximated from the plot of the experimental results in Fig. 2.24:
ko = 41,000 lbf/in (7.175x106 N/m)
and ki + ko = 72,000 lbf/in so
kl = 31,000 lbf/in (5.425x106 N/m).
k,(1 ='-,
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Figure 2.24. Peak to Peak Comparison of General Model (dashed line) to
Experimental Results for D-Strut (solid line); Not a Good Representation
- - - - - --
- ---
.. ..:.......... ........ . : .•: .. : . ........ ....... . .: . .- - .
'~ L : ~ : : ~C ~ : : : : : : : : :
:~~~ : : : '. : : :
CHAPTER TWO: DAMPING REPRESENTATION
x104
IC.
2 F .... i•.' -• •- " -. . .. . . ......... .. ..
frequency (rad/sec) co
frequency (rad/sec) o
Figure 2.25. High Frequency Fit of General Model (dashed line) to
Experimental Results for D-Strut (solid line); Better Representation
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From Fig. 2.24 the loss factor peaks at approximately 6.3 rad/sec (1 Hz). The
damping parameter cl may be calculated:
kI  1
Copeak +cX 1
and
cl = 3713 lbf sec/in.
These values produce the curve fit in Fig. 2.24. The loss factor fit is
not good. The first bending mode of the Truss Boom vibrates at
approximately 44 rad/sec (at 55 rad/sec for the eight bay planar model
described in 3.4) thus it is more important that the curve fit be good around
this frequency. Decreasing the damping coefficient cl-which consequently
decreases l--moves the peak of the curve fit to the right (increases (Opeak):
Opeak =
A better value is determined:
cl = 2500 lbf-sec/in (4.375x105 N/m).
Now with the same stiffness values ko and ki and this new damping value cl,
the curve fit is that in Fig. 2.25. This is a better representation of the
experimental loss factor than that in Fig. 2.24; the representation of the
experimental stiffness is adequate for the frequency of interest.
It was proposed that more parameters (i.e. more Maxwell models in
parallel with the static spring ko) could represent experimental data more
accurately than the three parameters of the general model [34]. For example,
five (Fig. 2.26) and seven (Fig. 2.27) parameter viscoelastic models should
produce better curve fits of the experimental data of the D-Strut than the
three parameter general model.
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ko
qZl q2
C1 ki
c2 k2
Figure 2.26. Five Parameter Viscoelastic Model
The impedance of the five parameter viscoelastic model is
kics k2C 2SZ5 (s)= ko + CS + k22 (2.103)
cls + k1  c2s + k 2
ko
qi q2
cl Zl ki
c2 Z2
C3Z3c3 k3
Figure 2.26. Seven Parameter Viscoelastic Model
and that of the seven parameter viscoelastic model is
kics k2 2s k3C 3S
Z7(s) = ko + + + (2.104)
cls + k1  c2 s + k2  C3s + k3
The frequency of interest is 55 rad/sec which is that of first bending of the
eight bay planar truss-and 44.0 rad/sec for the Truss Boom. Therefore,
according to Fig. 2.25, the three parameter viscoelastic model (general model)
is sufficient to represent the viscoelastic behavior of the D-Struts displayed
by the experimental results.
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2.6 Tubular Piezoelectric Strut
Based on the paper by Hagood et. al. [35], the discretized equations of
motion are formulated for a tubular resistively shunted piezoelectric strut
acting as a passive damper developed by Hagood at MIT [8] and shown in Fig.
2.28. This piezoelectric strut was also discussed by Edberg et. al. [36]. The
structural composite outer coating shown in Fig. 2.28 provides strength but
not much additional stiffness to the piezoelectric tube; its stiffness
contribution may be added to the stiffness matrix later.
"Piezoceramic" is the name of the material in the absence of a shunted
circuit, while "piezoelectric" refers to the material when it is shunted by an
electric circuit-when its electrical properties are utilized.
2.6 (a) Beam Finite Element Formulation
The generalized form of Hamilton's principle for coupled
electromechanical systems [35] is
t [(T - U + W - Wm) + 8W]dt = 0 (2.105)
where the kinetic energy is
T = 1 p - i dV (2.106)2f
the potential energy is
U= = S. TdV (2.107)
the electrical energy is
We=1 E- DdV (2.108)2
Piezoelectric Truss Member (Side View)
Endpiece Internal Electroded Surface s
Electrode Bus
io
SKapton Coated Leads
.030 - .. *
.0"5 ezoceramc Tube
.Mounting Hardware "
C ,Composite Outer tube '\
S '. -Kapton Coated Leads
.030" -
.045" 
_Z
4 ' i-
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and the external work function
W = ~u(xi)- f(xi) - 4jqj (2.109)
i j
where for the case of only one electrode, as will be for this formulation,
W = u(xi) f(xi ) - &5 (x) q, (2.110)
i
The magnetic energy Wm is negligible for piezoceramics. Further, the
variables are defined:
p = density of piezoceramic (kg/m3)
u = vector of mechanical displacements (m)
S = vector of material strains
T = vector of material stresses (N/m2)
E = vector of electrical field in the material (volts/m)
D = vector of electrical displacements (coulomb/m2 )
f(xi ) = vector of applied force at location xi (N)
O(x) = scalar electrical potential (volts)
qc = charge applied at electrode (coulombs)
In terms of their components, the vectors are
u = v (2.111)
w
S11 S1 T11 T
S2 2  S2 T22 T2
S_ S33 S3 T= T33 T3 (2.112)
2S23 S4 23 T4
2S13 S5 T13 T5
2S12 _ S6J T12 -T6
El_ Di1
E= E2 , = D2 (2.113)
E3- -D3
101
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The constitutive relations in the local piezoelectric cylindrical coordinates
shown in Fig. 2.29,
er L;3
relate the above vectors,
(2.114)
S
0l
0
0
0
0
0
0
-e 15
0
[P' [e] [cE] 
LE
= -_e]T [CE]Jks'J
0
0
e31
C EC12
Ec11
E13
0
0 0 0
E1  0 0
0 E3 e31
0 -e 31 c110 -e3  cE2
0 -e 33  E3
-e 15  0 0
0 0 0
0 0 0
0 0
0 e15
e 33 0
E
c 13  0
CE3C13 0
EC33 0
0 cE5
0 0
0 0
e15
0
0
0
0
0
0
E
0
0
0
0
0
0
0
0
0
c E
(2.115)
where
()' implies local piezoelectric coordinate frame (in this case cylindrical)
O()S implies values measured at constant strain (e.g., clamped)
()E implies values measured at constant electrical field (e.g., short
circuit)
()T implies the transpose of a matrix
The material properties in these constitutive relations are contained in three
submatrix groupings, [ES], [e], and [cE]. The clamped dielectric matrix [ 5S] is
given as,
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0 0 0
[S] = 0 S 0 (2.116)
0 0 e3
E = 1700 0 = 15.05x10
-9 coulombs
o1 volt m
e = 1470co = 13.01x10 coulombs
volt- m
where the permittivity constant in the above is co = 8.85x10 2 Farads/m. All
piezoelectric material coefficients were obtained from the Vernitron
Piezoelectric Division for PZT-5H (lead zirconate titanate). The
electromechanical coupling matrix [e] is given as
0 0 0 0 e15 0
[e] = 0 0 0 e15 0 0 (2.117)
e31  e31 e33 0 0 0
coulombs
e31 = - 6.5 2
m
coulombs
e33 = 23.3 2
m
coulombs
e15 = 17.0 2m
where eij is the piezoelectric material constant relating charge/area developed
in the ith direction due to strain in the jth direction (units = coulombs/m 2 ). In
other words, e31 refers to the charge/area developed in the 3 direction (the
radial direction unit vector er, see Fig. 2.29) in response to a strain in the 1
direction (perpendicular to the material poling and the same as the axial
direction ez). From the other perspective, -e31 refers to the stress developed
in the 1 direction (axial) in response to an electric field applied in the 3
direction (radial). The nearly orthotropic short circuit (zero resistance shunt)
elasticity matrix [cE] is given as,
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E E E
Cl C12 C13 0 0 0
E E E
C12 C11 C13 0 0 0
E E E
SEl C13 C13 C33 0 0 0(2.118)c ] = (2.118)
0 0 0 c55 0 0
E
0 0 0 0 0 C66
with units = N/m2; again, ()E corresponds to short circuit properties. This
elasticity matrix [cE] is the inverse of the short circuit compliance matrix [sE],
i.e.,
[CE]= [SE]-1
where
lE1 = 16 .5 x10 -
12 m
N
SE2 = - 4.78x10
- 12 m
N
E 12
s13 = - 8.45x10
-  m
N
2
sE3 = 20.7x10-
12 M
N
E 12
sE5 = 43.5x10 -
 m
N
S66 = 42.6x10 - 12 2
N
This gives the elasticity matrix [cE] as,
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127.2 80.2 84.7 0 0 0
80.2 127.2 84.7 0 0 0
84.7 84.7 117.4 0 0 0 x10 9 N
0 0 0 23.0 0 0
0 0 0 0 23.0 0
0 0 0 0 0 23.5
x3
W
e0 uWo
rz  e3 0 x2
ez2 Y Ie2 Vto
ee \ el Ri
Ro
xl
Figure 2.29. Piezoelectric Tube with Local (cylindrical) and Global
(Cartesian) Coordinate Systems Identified
Ro = 0.0127m (0.5in)
Ri = 0.012m (0.47in)
To apply the constitutive relations Eqs. (2.114) to a tubular
piezoelectric strut, one notes that the displacements u, v, and w for a
Bernoulli-Euler beam are related to the centerline displacements uo, 0 (the
beam twist which is different than the position variable 0 shown in Fig 2.29),
wo, and vo by these relations,
1 0 -z- -y- u0 (x)
= 0 -z 0 (x) (2.119)
0 y 1 0 Vo(X)
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The normal and shear strains from Eq. (2.112) are given by
a
ax
a
-v-Sax
-.~V-x
ax
0
0 y
0 -2
0 -za2
ax
0 0
0 vza
ax2
0 0
- 0
ax
a
ax
a2
a
2
vy -2
0
0
0o
o
0 0
Wo(X)
wo(x)
vo (x)]
(2.120)
v = 0.40
where v = Poisson's ratio. The terms with Poisson's ratio are included
because they excite the electromechanical coupling in the piezoelectric
material. They represent an approximate attempt to allow the piezoelectric
material to strain through the thickness in the ^e direction. Traditionally,
according to beam theory, the stress and strain in the transverse y and z
directions is assumed negligible. For a beam, T2 (Tyy) = 0, T3 (Tzz) = 0, and
T4 (Tyz) = 0:
Tj
0
0
0
T5
T6-
(2.121)
The stress in these directions is considered negligible because there are no
boundary constraints in these directions.
The global coordinate system is the Cartesian coordinate system, and
the local coordinate system is the cylindrical coordinate system. Consider the
piezoelectric tube element in Fig. 2.29. The material directions of PZT-5H
are defined in the cylindrical coordinate system which is related to the
Cartesian system through,
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ez el 1 0 0 e
6e e = 0 -cosO -sin e 2 (2.122)
er ea sin cos e3
The er (e') unit vector denotes the poling direction-direction in which the
electric dipoles of the piezoelectric material are aligned-in the piezoelectric
layers [0' plies]. Since the piezoelectric constitutive relations are defined in
cylindrical coordinates ez, e, and ^r, they must be transformed to the
Cartesian coordinate system 81, ^2, and e3. There is no need for a
transformation of the electrical equations because the electric field through
the piezoelectric is defined in cylindrical coordinates. The electrical field
rotation matrix [RE] is thus the unit matrix
[RE] = 01 o = [I] (2.123)
The engineering strain rotation matrix [RS] taken out of Cooke [39] is
1 0 0 0 0 0
0 cos2  sin2  0 sin0cosO 0
0 sin2o cos2 0 0 - sinecos 0 0[Rs] -
0 0 0 - cos 0 0 - sin 0
0 2sin0cosO - 2sin0cos 0 sin2 0 - cos 20 0
0 0 0 - sin 0 0 cos 0
where 0 is the position variable shown in Fig. 2.29. To transform to global
(Cartesian) coordinates, one first notes that:
D' = [RE]D
S= [REE (2.124)
S'=[Rs]S
T= [RT]T
where the engineering stress rotation matrix [RT] is the inverse of the
transpose of the strain rotation matrix
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[RT]= [Rs] - T or
S T (2.125)
[RTF' = [Rs]
It is interesting to note the strain in the radial direction ^e (the through
thickness direction) due to Poisson's effect:
_uo(x )  a 2(x) 2 ( )2 2Vo (X)
S =-v sinocos + vcos 2 Oz + vsin 2 y (2.126)
3x ax ax2 ax2
where uo, vo, and wo are the global centerline displacements, 0(x) is beam
twist, and 0 is the position variable shown in Fig. 2.29. Thus, it is evident by
the Poisson ratio v terms in Eq. (2.126) that the electromechanical coupling in
the piezoelectric material is excited by through thickness strain (e33) as well
as by axial strain (e31). Going back to the local constitutive relations Eq.
(2.114), and using Eqs. (2.124) and (2.125) and the relation,
[RE] - 1 = [RE] T
the constitutive relations can be rewritten in global (Cartesian) coordinates
as,
D [RE] S][RE] [RE] T[e][Rs] (2.127)
I L-[Rs]T e] [RE] [Rs]T[cE][Rs] (2.127)
Substituting the appropriate equations into Hamilton's equation and ignoring
the external work function until Eq. (2.144),
[T - U + We]dt = 0 (2.128)
The kinetic energy is
2 v2 21
= P- 2 + dV (2.129)
and its atvariational is
and its variational is
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5T = pavav awaw dV (2.130)
Integrating by parts with respect to time the variational of the kinetic energy
becomes:
8T =- P V [ii8u + V6v + W8w]dV (2.131)
The variational of the potential energy from Eqs. (2.107) and (2.127) becomes
6U = Y2fv (-[Rs]T [e]T [RE E + [Rs]T [cE][Rs]S) SfdV
Expanding out the rotation matrices above and using Eqs. (2.117) and (2.118)
for [e] and [cE] gives,
U= [(c55(cos40 + sin4 0 ) + sin2ecOs20(cE 1 + c 3 - 2c 3 - 2c 5 ))2S 5 S5 -
dV
e3 1(S15Er + ErS 1 ) +(cssin2e + c66cos20)2S 66S 6 +
cos0sin0(2cE2 - 2cE3XS15S 5 + S55S1) +2cE1s18S1 +
(cE2 os20 + c 3sin20 S16S2 + S26S 1) + (cE sin 2 + cE3 Cos 2  )(S1 8S3 + S38S1) +
sin0cos0(e33 - e31lS56Er + ErS 5) +
(cos30sin(cE1 - 3- 2cE5 ) + cos0sin30(c 3 - c3 + 2c 5)ES58S 2 +S26S 5) +
(cos30sin0( 3 - cE + 2c~ ) + cosesin3 (c 1 - - 2e 5)XS5 S3 +S38S ) ]dV (2.132)
The variational of the electrical energy from Eqs. (2.108) and (2.127) becomes
8we = 2 fV{([RE ]TIS][RE]E + [RE]T[e][Rs]S) E}dV
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Expanding out the rotation matrices above and using Eqs. (2.116) and (2.117)
for [ES] and [e] gives,
[2S Er8Er + e3(S8E + ErS1)+ ( 2 + e33sin26Er8S2 + S 2 8Er) +
(e31sin2 0 + e33COs2(Er5S 3 + S36Er) + sin0cos0(e 3 1 - e33)SsEr + ErSsdV (2.133)
Only the radial electric field Er terms are included in the two energy
expressions 6U and 8We because an electric field will only occur through the
thickness Ce) as a result of the inner and outer electroded surfaces of the
piezoelectric tube. Integrating 8T over the area dA = dydz, BU and 5We over
the area dA = rdrd0, and using,
pdA , Im = 1my 2pzdA = p , I =Imz
A = 7((0.0127m) 2 - (0.012m) 2 ) =
py2dA = pI
5.9x10 - m 2A = R2 _ RF
-R 1)
7C 4 
_ R4
4 0 = ((0.0127m)4 - (0.012m)4)= 4.47x10
- 9 m4
where p is the density of the piezoceramic material p = 7500 kg/m3 . Hamilton's
equation Eq. (2.128) then becomes:
t2 J[ 6 uT[m]u - ET []E + sET[p]TE + 6ET[p]E + 8ET[c,]E]dxdt = 0tk+I8 (2.134)
where
110
We =1fv
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u = beam displacement vector =
e = beam strain vector =
U0
V0
W o
awo
ax
aVo
ax
Du
o
ax
ax
a 2W0
ax
2
a 2v 0
ax2
which is different than the strain vector defined in Eq.
vector e is convenient here for discretization purposes.
matrices in Eqs. (2.134) are,
E = electric field =
[m] =
g 0
0 g
0 0
0 0
0 0
0 0
0
0
0
21m
0
0
(2.120). This strain
The remaining
Ee
Ea
Er
(2.135)
I ECE(c3 + 3c6 - c3 + C11 + 3c5)
4 (Yc3 - Y4 c - c )0
o
0
(4C33 -3 c + c12 -1 134
I(c - 3v/4c3 - 2)
0
(2.136)
0
0
0
I(cll --3c43 - YV4C12
111
Ik] =
VC 2 - vc3)
0
0
0
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[P]=
L
A(e31 -2 3 -2 e33)1
0
0
0 J
(2.137)
(2.138)
ri=[ 0 0 01
0 0 
0 0eA
Equations (2.134) are then discretized using the following
displacement-interpolation matrix [N] and strain-displacement matrix [B];
the spatial formulation in terms of the coordinate x is used here to calculate
the symbolic matrices, although numerically an isoparametric formulation is
used [13]. The discretization is based upon the beam element shown in Fig.
2.7. The displacement-interpolation matrix [N] is defined in the following
form,
0 0 0 0 0 L2
0 0 H2
0 O H1 0 H2 0
0 0 o
)H
ax
L1 0 0
ax 0
0 0 aH2
ax
0 0 0 0 0
0 H 3 0 0 0 H4
0 0 H3 0 H4
0 0 H3
ax
0 H3 0ax
L2 0 0
0 H4 0ax
0 0 H4ax
The Hermitian cubic interpolation functions are,
2 3 2 3
H 1=1-3 x - +2 ,H 2 =x-2x +
L2  L3  L 2
and the linear interpolation functions are,
2 3 2 3H3 =3 x 2x Hx x
L2 L3 4 L L2
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Uo
0
wo
av
ax
U=
(2.139)
q1
q2
q3
94
95
q6
q7
q8
99
q10
-q12
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L =1 X L =x
L' 2 L
Placing the beam displacement vector u given by Eq. (2.139) into the beam
strain vector e gives the beam strain-displacement relation in the following
form,
0
0
0
H 1
0
0
H1
0
0
0
0
0
0
H00
0
0
0
H 2,
0
0
0
0
0
0
0
H 3 ,xx
0
0
H3xx
0
0
L1,x
0
0
0
H4,xx
0
0
0
0
H4,xx
(2.140)
q91
92
q3
97
910
911
-_q12
_ = [B]q
where (),x and (),xx are the first and second partial derivatives with respect to
X.
A trial function is identified for the electrical potential field 0(r,0)
through the piezoelectric. The electrical field vector may then be determined.
Assume the potential field is linear through the piezoelectric:
(r) = ( -R)V (2.141)
where the thickness of the piezoelectric layers is,
t = Ro - Ri
Equation (2.141) describes a positive voltage drop as a result of tension
applied on the tube; the electric field will flow in the opposite direction. The
inner electrode is grounded. The electrical potential field 0 is a function of
only the radial position coordinate r because the inner and outer surfaces of
113
ax
ax
2
2
ax
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the piezoelectric tube are uniformly electroded. The electric field is defined
as negative the gradient of the potential:
E=-V (2.142)
Thus,
[Ez E
E= Eo =E' =
Er L E3
O0
1 4
r
Dr
0
0
V
.t
(2.143)
Notice that the electric field is constant through the piezoelectric in the radial
direction. This assumption is valid since the piezoelectric tube is thin and
electrical field fringe effects may be ignored [35].
As a result of all these matrix definitions, Hamilton's equation Eq.
(2.134) may be further reduced to,
2 {qT(-[m]4 - [k]q + jP}V + Q) + 8V({P}q + C,V - q)}t =0
where
[m] = J [N] [m][N]dx
[ [mll] [m12]
m = [ml2] [mill]
0
113. +421m
11 + Im
210 10
0
0
1 (13L 2 +42Im
0
11 .2 +Im
210 10
0
0
0
0
2AImL
0
0
0
0
11 Im
-L2 +-210 10
0
L (gL2 +14Im)
105
0
0
11 2 Im
210 10
0
0
0
L 2+ 14Im)
105
114
(2.144)
(2.145)
3
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and
0
3 (3pL 
-28ImJ
70 L
0
0
0
13 2 i m
420 10
0
0
3 (3L 2 -28Im
70 L
0
13 Im
-gL
2 
---
420 10
0
0 13 2 + I m
420 10
YImL 0
420
0
13 2 Im
-- L +-420 10
0
0
0
L (3 L2 + 14 Im)
420
[k]= Jo [B] [k][B]dx
[k] [kll] [k12][kl= [k 2 ]T [k 22]J
0 3(4cE-(3cz+c4Z)
0 0
o (4ci -(3c3+c))
31 (4c -v(3c +c 0
-(c E+c E-2c-6c +6c )
- L4cE zcC ++E _-c0
0
0
- (4cz- 4 c E v cE c )
04c -v3c3 +CEz
0
0
0
0
0
I (4c -v(3c +c)
11 13 t2e~c~
31 (4E c -(3E 3+ cE
0
0
31 E 3c E+ )
U(4 11-+ 13 "))12
0
0
(c E +cE -2CE6cE+64sL-\Ci + p -it 13- 6 +6
o o - (4.-v(3cE,3+c)) -L(4c-4cE + c - 4 -c3)
4c 3c O 3o 0(4C.- (3ct 12 o 0
0
- T(4c4-v(3c3+c1)
- 4c&-4c +v c -c3))
I 4c -v(3c +c E2) 0
(4ll- CIE3 +CE2)
and
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[m 1 2 ] =
where
(2.146)
A(ci-v (c +c3))
L
0
and
A(c -v c12 +c4)
L
0
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0
0
0
0
1-V-(3c3 +c))
_31 (44,- v(3c ) 31 (
-74c 1-@3c +c1) 0 4cE -v(3c4z+c))
o -I (cE +clz-2c_6c+6c.E E ) I 4cf 12c-c
31 (4cE 3c+cE 8L -4 it 16 ,- 34cE - 3 cfC 2It 0 (4 0 -+cf3+42))20 1-£[ -6L 2L
o o o
31 (4. E  3 E
0
0
0
(4c4 -v(34+c))
{P} = J0 [B] [p]
0
0
1
t
A(e 3 1 -/ 2e 3 1 -Y 2 e 33 )
t
0
0
0
0
A(e31 - 2e31 -2e33)
t
0
0
0
0
0
with units = coulomb/m,
O
0
1
t.
S S
Ec AL 3 21cRoL
t - t
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A(c~-v(c +c))
L
0
0
0
0
0
{P} =
(2.147)
(2.148)
C, = 0
and
(2.149)
(2.150)
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with units = coulomb/volt. The Cp above represents the capacitance of the
piezoelectric element, and 2nRoL represents its surface area in contrast to
the cross-sectional area A. Including the external forcing Q and applied
charge qc on the outer electrode and assuming arbitrary variationals 5 and
8V, the following two equations must be satisfied in order for Hamilton's
equation to be satisfied:
the actuator equation
[m]q + [k]q = {P}V + Q (2.151)
and the sensor equation
{P) q + CpV = qc (2.152)
These two equations represent the two aspects of the piezoelectric strut.
Equation (2.151) gives the actuator aspect, i.e., the deflection q due to a
voltage input V, and Eq. (2.152) gives the sensor aspect, i.e., the charge qc
developed due to a deflection input t.
The operation of the tubular piezoelectric strut as damper can be
understood by considering the strut connected in parallel with a resistor to a
constant voltage source Vo, as shown by the electric circuit of Fig. 2.30. It
will be convenient here to deal with the time derivative of the sensor
equation,
{p}W + CpV = dqc (2.153)dt
5I V / Vo
++++ ++++
poling Er R
Figure 2.30. Circuit Showing Direction of Radial Electric Field in the
Piezoelectric due to an External Voltage Source Vo
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Since qc is the charge on the outer electrode, dqc/dt is the current flow Ip of
the piezoelectric. When the switch to Vo is closed, the current I is divided
into a transient current which charges up the outer electrode of the
piezoelectric Ip, and a steady current through the resistor IR, which is given
as,
V
IR R
where V equals the constant voltage V0. When the switch to Vo is opened,
there is no current input I,
I=0
According to Kirchhoffs current law,
I = Ip + IR = 0
and as a result,
V
I = -IR = -
R
Thus, the new form of the sensor equation is,
{p}T4  + CV - V (2.154)R
where the voltage V now is variable instead of the constant V0 . Equations
(2.151) and (2.154) now constitute a coupled piezoelectric damping system,
which will be shown in 2.6 (b) to be analogous to the general model, three
parameter spring-mass damped system.
The dynamics of the tubular piezoelectric strut system may be
identified by analyzing the equations in first order form. The actuator and
sensor equations in first order form for one piezoelectric strut element are:
[0] [I] {O) 0
{*} = -[m]-[k] [0] [m]-{P) {x} + [m] Q (2.155)
{o}T 1 {p}T 1 0Cp RCPPP
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where
{X) = {q
For two beam finite elements, the equations are (with a viscous damping
matrix included):
[0] [I] {0} {0}
-[m]- [k] -[m]- [c] [m]- {P1} [m]-{P2) 0
1 1 [m]- Q{x} {0} {P T  1 0 {x} + - (2.156)Cpl RICpl 0
{0}T 1 p2T 0 1 0
Cp 2  R2Cp2
where
{x}= V
V2
and so forth for more piezoelectric strut elements. With external forcing Q
the equations in first order form may be solved numerically by a first order
method such as Runge-Kutta. Such a solution is not discussed because the
system of differential equations in Eqs. (2.155) and (2.156) are "stiff' [43]. In
other words, the voltage degrees of freedom produce large eigenvalues
compared to those produced by only the structural equations in first order
form as in Eqs. (1.13), (1.14), and (1.15). In order to obtain stability in a
numerical solution, the time step for an explicit method like Runge-Kutta
must be very small; a solution would be expensive. Thus, implicit methods
should be considered to solve these first order equations numerically. Such
methods are not addressed in this thesis. Rather, an equivalent general
model representation is determined from Eqs. (2.151) and (2.154) in 2.6 (b).
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2.6 (b) Analogy Between Resistively Shunted Piezoelectric Strut and
General Model
A resistor shunted in parallel with the piezoelectric transforms the
piezoelectric to a viscoelastic material which may be described by the general
model. The equations of motion for one piezoelectric strut element are the
actuator equation
[m]4 + [k]q = {P)V + Q
and the sensor equation
RCpV +V = -R{P}T
The inner and outer surfaces of the piezoelectric tube are uniformly
electroded such that the electromechanical coupling of the piezoelectric allows
a voltage to be formed only under axial strain; see the {P) matrix in Eq.
(2.148). Hence, the analogy between a resistively shunted piezoelectric strut
and the general model is drawn only for the axial case. Each will have two
degrees of freedom; see Figs. 2.31 and 2.32.
Ql(t)
ql(t)
V (t)
Figure 2.31. Piezoelectric Strut Element with Tip Axial Degree
ql and Voltage Degree of Freedom V
of Freedom
SF(t)
F>q(t)
Figure 2.32. General
zi(t)
Model Spring-Mass Damped System
The equations for the piezoelectric tube are
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mp4 1 + kpql = P 1V + Q1(2.157)
RCpV + V = -RP 141
where
g L
3
A[cE1 - V C1E2 + C E3
L
P1 = A[e 3 1 -V(e 3 1 + e 33)]
t
Re ALRC = 3p t2
and the equations of motion for the general model are from Eqs. (2.73),
m4 + koq = -c 1 l1 + F
c1 (2.158)
iZ + Z1 = qk,
The objective is to solve for ko, k1, and cl in terms of the piezoelectric
strut properties. Thus, the equations must be in the same form. By taking
the time derivative of the dissipation equation of the general model and
introducing a new variable,
Znew = Qi1
where p is a constant, the general model equations may be placed in the same
form as the piezoelectric strut equations:
Clmi + koq = Z new + F
(2.159)
Cl
liZnew + Znew = Pt
Now the equations may be compared. The static stiffnesses are equal:
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ko = k, (2.160)
Then also one must have,
Cl 
= P,n '= RCPkp
-RP 1 = P (2.161)
Equating these parameters, expressions for the stiffness and damping
coefficients are determined:
k, - (2.1
CP
and
C1 = RP2  (2.1
Before calculating cl a value for the shunted resistance R must be
determined. The attractiveness of using a resistively shunted piezoelectric
strut is that it may be tuned to experience maximum loss at a specified
frequency. In this case for the eight bay planar truss described in 3.4, the
frequency is 54.64 rad/sec. The impedance for the general model was
formulated in 2.4 (c) and was given by Eqs. (2.90) and (2.100). For this
piezoelectric circuit, the impedance Zp from Eq. (2.100) gives,
Zp, (ico) = ko(1 + 01 rl(IO)2 -t+iko( C ) 1
1+ (tzo )2 +  1 + ( lo0)2  (2.1
= kpR + ikpI
where
ko = kp
k, P2
ko Cpk,
Cl1= 1 =RC
kT r P
The frequency dependent stiffness is the real part of Zp(iO),
32)
33)
34)
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kpR = ko 1+ ( 1 + a l ) ( z l ) 2  (2.165)k =° 1 + ( 1 o))
and the loss factor is,
T = -= x1t0 (2.166)
kpR 1 + (l+ )(w )2
The loss factor is maximum at,
41
and then a resistance R may be calculated to place the peak of the loss factor
curve at the desired frequency peak:
R - 1 1 (2.167)
Ccp peak 1+ 1
where al is defined above in terms of the piezoelectric strut properties.
Now the three parameters of the general model may be determined.
Here they are determined for a piezoelectric strut substituting a longeron
with length L = 0.72 m; the length of a diagonal is L = 1.134 m. The static
stiffness is that formulated by the beam finite element formulation in 2.6 (a):
(2.168)
A[c - CE2+CE3 (5. 9x10-5m 2)[127.2-0.4(80.2+84.7)]x10 9  =5.x16
k = k 2 5.0x10 N
L 0.72m m
The capacitance Cp and electromechanical coupling term P1 are also
calculated from the beam finite element formulation in 2.6 (a):
ESAL (1.301x10-8 coulomb)(5.9x10 m 2 )(0.72m)
SAL _ volt -m 9.52x10-7 coulomb (2.169)
t (7.62x10-4m) 2 volt
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and
P1 = A[e 31 -2(e 3 1 +e 33)]
t
(5.9x10 - m 2 )[-6.5 - (0 .2)(-6.5 + 23.3) ] coulomb
7.62x10-4m
(2.170)
coulomb
= -0.763
m
Note that the electromechanical coupling term P 1 is less-i.e. less damping-
if the through thickness strain due to Poisson's effect was not considered,
SAe 31
t
5.9x10-M2)-6.5 coulomb
m2 coulomb
= - 0.503 m
7.62x10-4m m
The electromechanical coupling term is negative because if a strain is applied
in the direction of the axial degree of freedom (tension) of the piezoelectric
strut, an electric field is produced opposite the radial direction of the tube.
The tuned shunted resistance is given as,
1 1R 1=1 = 18,165 Ohms
9.52x10- 7 coulomb 54. 64rade 1+ (0.12)
The stiffness and damping coefficients are calculated:
2 -0.763 coulomb 2
k = = m
Cp (9.52x 1 0 - 7 coulomb
Cl = RP2 = (18,165)(-0.763 coulomb) 21 ~m )
There is an additional axial static stiffness due to th
surrounding the piezoelectric tube:
EA 9.7x109 N (9.505x10-5m2)
kadd - - 0.72m
6.12x10 5N
m
= 1.06x10 4 N-sec
m
e outer composite tube
= 1.28x106 N
m
and that of one substituting the diagonal (L= 1.134m):
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kadd = 8.13x10 5 N/m.
The values of a piezoelectric strut substituting a diagonal (L= 1.134 m) are:
ko = kp = 3.175x10 6 N/
Cp = 1.50x10 - 6 coulomb/vl t
R = 11,520 Ohms
k1 = 3.88x10 5 N/m
cI = 6705N.se
Figure 2.33 displays the viscoelastic behavior of the resistively shunted
piezoelectric strut versus the D-Strut. Note that in Fig. 2.33 the piezoelectric
strut loss factor is maximum at the desired frequency of first bending of the
eight bay planar truss (55 rad/sec). Still at this frequency, the D-Strut
provides more damping (0.09 loss compared to 0.06).
This prediction of viscoelastic behavior by a resistively shunted
piezoelectric is based on theory and is supported by experiments conducted by
Hagood et. al. [35] and [37]. No experimental results like those of the D-Strut
are known for a resistively shunted piezoelectric strut to which the model
may be compared.
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Figure 2.33. Viscoelastic Behavior of A Resistively Shunted Piezoelectric
Strut (dashed) versus a D-Strut Model (solid)
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2.7 Representation of A Large Space Structure Joint
Two models of a typical large space structure joint described in [28] are
proposed. The first, explained in 2.7 (a), incorporates a joint's stiffness and
damping into the equations of motion by energy formulation using the
unshared strut degrees of freedom; assuming nonrigid connections between
the struts. The purpose of 2.7 (a) is to demonstrate that a model which uses
one degree of freedom elements-in the form of the simple model described in
2.3-to represent each degree of freedom of a joint is similar to, but not the
same as, using a beam finite element. The reason the two representations
are not the same-besides not including the coupling between rotation and
shear terms found in the finite element formulated beam stiffness matrix Eq.
(2.49)-is that for the beam element, the correct aspect ratio (about 20 to 1 is
good) must be maintained. In the one degree of freedom constructed model,
this is not necessary. The stiffness and damping of an arbitrary blob of
material may be represented using the unshared degree of freedom model;
this is the only advantage of this modeling approach. This arbitrary blob
representation may also be attained using solid finite elements, but these
elements are not discussed in this thesis. If the beam aspect ratio is not
maintained (say 1 to 1), the beam kinematics shown in Eq. (2.119) used to
formulate the mass and stiffness matrices for the Rayleigh beam are
meaningless. Fortunately though for the Truss Boom, the joint hardware
may be represented using beam finite elements with satisfactory aspect ratio:
about 5 to 1 (because the dimensions of the joint end hardware are
approximately 5 to 1). Thus the second model, discussed in 2.7 (b), uses beam
finite elements to model a joint and is the model employed in this thesis.
2.7 (a) Unshared Degree of Freedom Representation of A Large Space
Structure Joint
Bowden [20] used the unshared strut degrees of freedom to model joint
stiffness and damping in the simple model form. Expanding on this premise,
a model of Joint 5 in Fig. 2.8 is presented in Fig. 2.34 to explicitly
demonstrate how joint stiffness and damping would be included into the
equations of motion. It will become apparent by the formulation about to be
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presented (but not carried out) why this method is not employed in this thesis
for modeling the joints of the Truss Boom, and for other large space
structures.
The joint model depicted in Fig. 2.34 would represent the joint
hardware shown in Fig. 3.6 and described in [28]. This model is not used to
model the joints of the Truss Boom in this thesis; beam finite elements are
used and discussed in the next section.
In this model the node of the joint is allocated mass. The arbitrary
joint hardware which connects each strut together has axial stiffness ka,
rotational and shear stiffness kr and ksh, axial damping ca, and rotational
and shear damping cr and csh. Using energy formulations and Lagrange's
equation, the stiffness and damping of the joints may be incorporated directly
into the equations of motion. The degree of freedom numbers shown in Fig.
2.34 are used for this formulation but would not be the actual degree of
freedom numbers if a truss was modeled in this fashion.
Figure 2.34. Discrete Model of Arbitrary Joint 5
The potential energy U for Joint 5 is
U = ka (q - q 16) 2 2 ksh (q 17 -q 2 )2 +kr(q 3 - q18) 2
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+ 2ka[q 4 - (cosq 16 - sin0ql7)] 2 + y2 ksh[(cos0ql 7 + sin ql 6 )- q5 ]2+ 2 kr(q 6 -182
/2ka(q q7 - q7 ) 2 + 2 ksh(q16 -q 8) 2 + Y2kr(q 9 -q 18 )2
+ 4/ksh[qll -(cos0q 17 - sin0q 16)]2 + 1/2 ka[(coseql6 +sinq 1 7 )-q10] 2 + 4kr(q1 2 -q182
2ka(ql 6 -q 13) 2 + Y2 k sh (q 14 -q 17) 2 + Ykr (q 15 -q 1 8)2  (2.172)
where each line represents the potential energy for each joint-strut
connection going from Strut 8 clockwise to Strut 12. The dissipative energy F
is similar to the potential energy except the damping coefficients are
substituted for the stiffness coefficients and the velocity degrees of freedom
are substituted for the displacement degrees of freedom. The kinetic energy
is
T= 2mjoint 26+ 2mjointl 2 +Y2jointi12 (2.173)
Substituting these three energy terms into Lagrange's equation Eq. (2.174),
the joint mass, damping, and stiffness matrices result which are then added
to those of the struts. Lagrange's equation is written as,
d (T > T aF aU
-d- +  + = Qr (2.174)
dt ar aqr a4 aqr
where r = 1, 2, ... , n,
F is the dissipation function, and n is the number of degrees of freedom.
As evident by this tedious formulation, this method of incorporating
joint stiffness and damping into the equations of motion of a large space
structure is not supported in this thesis.
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2.7 (b) Beam Finite Element Representation of A Large Space
Structure Joint
Representing the joints with beam finite elements makes sense
because they are actual physical members and not a phenomenon which the
previous section represented. This joint hardware was developed to allow
easy on-orbit assembly of the trusses [28]. The Rayleigh beam equations are
used to represent the continuous mass and stiffness properties of the strut
and joint members. The formulation of these equations is presented in the
thesis by Roberts [29]. In addition to these equations, a viscous damping
matrix is formulated to represent the inherent damping in the joints. Axial,
shear, rotational, and torsional damping is represented by placing a linear
viscous dashpot between each of these degrees of freedom and forming the
twelve by twelve joint damping matrix via energy formulations. Fig. 2.35
displays the twelve degrees of freedom of a beam finite element used to
represent a Truss Boom joint, and Fig. 2.36 shows the dashpots placed
between the degrees of freedom.
q12
qio
node 2
x
q6 element
q3
94
node 1
Figure 2.35. Beam Degrees of Freedom in Beam Local Coordinates
The dissipation function resulting from Fig. 2.36 is given as,
(2.175)
F = 2ca(qi -47)2 +V2Csh(2-8)2 +2 Csh(43 _9)2 +2Ct 4 ( 10o)2 +,2(Cr(i 5 -i11)2 +2 Cr( 6 - 12 ) 2
and substituting this function into Lagrange's equation Eq. (2.174) produces
the following twelve by twelve joint damping matrix:
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Ca 0 0 0 0 0 -ca
0 Csh 0 0 0 0 0
0 0 Csh 0 0 0 0
0 0 0 Ct 0 0 0
0 0 0 0 0
-Csh 0 0 0 0
0 -Csh 0 0 0
0 0 -ct 0 0
0 0 0 0 Cr 0 0 0 0 0 -cr  0
0 0 0 0 0 Cr  0 0 0 0 0 -Cr
------------------- I-------------------------------------
-ca 0 0 0 0 0 Ca 0 0 0 0 0
0 -Csh 0 0 0 0 0 Csh 0 0 0 0
0 0 -Csh 0 0 0 0
0 0 0 -Ct 0 0 0
0 0 0 0 -cr 0 0
0 0 0 0 0 -Cr 0
0 Csh 0 0 0
0 0 ct 0 0
0 0 0 Cr 0
0 0 0 0 cr
(2.176)
This matrix is placed directly into the finite element code and transformed
accordingly depending on the orientation of a particular joint in the truss.
Ca
q33t JCsh
Ct
Cr
q5 q 11
Cr
q6 -  12
Figure 2.36. Dashpot Elements Representing Joint Damping
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2.7 (c) Approximation of Axial Joint Viscous Damping Coefficient ca
Ambiguity arises when attempting to determine the values for these
damping coefficients. The best way is to conduct an experiment on the joint
hardware. Experimental methods which determine joint damping coefficients
have been developed [2], [3], [4], and [5]. The stiffness properties (EA,
EAminor, and EImajor) have been experimentally determined by the
Spacecraft Structures Branch of the NASA Langley Research Center [30],
[31], and [32].
Another possible way is to equate the diagonals of the modally
transformed [C] matrix-with joint and strut material damping modeled-to
the expression 2icoi for the ith mode that the modal damping is known for the
structure. In this case for the Truss Boom, the modal damping of the first
bending mode is 0.56% at 7 Hz [30]. The clamped eight bay planar model of
the Truss Boom shown in Fig. 2.8 and discussed in 3.4 is considered which
satisfactorily captures the first bending mode of the full Truss Boom. The
frequency of the first bending mode of the eight bay planar truss is 54.64
rad/sec. Each joint in this truss is a combination of finite elements as shown
by the enlarged view of Joint 5 in Fig. 2.37.
Strut 0
node 3 q9
q6 q4 node 4
node 2 q j
Strut node 1 node 5 Strut (
node0 I' ]d]
node 6
q3 l5 q q1 4
Element representing joint end hardware
Figure 2.37. Enlarged View of Joint 5 Represented by Beam Finite Elements
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The node numbers and degree of freedom numbers are not those of the planar
truss model but shown only to give a clear view of the finite element
representation.
With each joint of the eight bay planar truss modeled after the fashion
displayed in Fig. 2.37, a 246 by 246 damping matrix representing joint
damping symbolically and strut material damping numerically was calcuated
via energy formulations. This 246 by 246 symbolic [c]global matrix was pre
and post multiplied by the first two eigenvectors (resulting from the solution
of the undamped eigenvalue problem discussed in 3.4), to produce the upper
left two by two portion of the modally transformed [C] matrix in Eq. (2.177).
Only the first eigenvector is really necessary since only the first bending
modal damping value (0.56% at 7.00 Hz) of the Truss Boom is applicable to
the eight bay planar model. This two by two portion is:
(2.177)
[01,0 2 ] T[c]globaJ[l, 0 2 1 
= C1 C12
S(9.24x10 cr + 0.0028csh + 1.277X10-Ca + 0.194) (0.0021Cr - 0.0041csh - 1.73x10-6Ca + 0.0088)
(0.0021cr - 0 .0041ch - 1.73x10-6Ca + 0.0088) (0.3939Cr +0.0264ch + 2.5710-4 ca+ 4.484)
The constants after the three joint damping terms (ca, csh, and cr) in this two
by two matrix represent the material damping of the aluminum struts with D
= 6.21x10 6 N.sec/m 2 which was discussed previously. Ignoring rotational and
shear damping (csh and cr) due to the dominant axial motion of the truss
members, the axial damping coefficient ca is calculated; torsional damping ct
was initially ignored because the problem under consideration is planar.
If modal damping had been assumed-which it is not except for this
approximation-the modal damping expression 2Ciwi would appear on the
diagonals of the modal damping matrix [C] for each modal equation i. For the
first bending mode of the eight bay planar truss with modeled joints, the
modal damping is
2 C1ol = 2(0.0056)(54.64 rad/sec) = 0.6120 rad/sec (2.178)
Setting this expression equal to the first diagonal component of the two by
two portion and ignoring the rotational and shear damping terms (csh and cr),
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Csh = 0
Cr =0
the axial joint damping Ca is calculated:
0.612 = 9.24x10-4Cr + 0.0028sh + 1. 277x10-5Ca +0.194 (2.179)
Ca = 32,733 N-sec/m
where it was assumed the struts themselves have a material damping
coefficient D = 6.12x10 6 N-sec/m 2; hence 0.194 is present in Eq. (2.179).
2.8 Discussion of Proportionality of Damping Models
The definition of proportional damping was discussed in 1.4 (c).
Caughey [24] extended Rayleigh's results [23] to discrete systems which may
be summarized:
[c] = a[m] + P[k]
where a and 0 are constants. On the element level this is true for the strut
material damping matrix formulated by the simple model of material
damping in Eq. (2.50), but not true for the general model of material damping
in Eq. (2.82) or for the joint damping matrix in Eq. (2.176). The joint stiffness
matrix is the beam finite element stiffness matrix Eq. (2.49) while the joint
damping matrix Eq. (2.176) is formulated from one degree of freedom viscous
dampers. The strut stiffness and damping matrices are given in Eqs. (2.49)
and (2.50). But even if the element damping matrices are proportional to the
element stiffness matrices as in Eq. (2.150), it does not always imply that the
global damping and stiffness matrices of the assembled structure are
proportional.
Consider a member of the Truss Boom consisting of two joint elements
and one strut element shown in Fig. 2.38.
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z qqq________5 
_ q8q1 29 q11
x q4 q7 q10
Figure 2.38. Truss Boom Member
The 6 by 6 stiffness matrix for the joint elements is given as,
EA) 0
0 0 )
L 
0
o CI1 2EI
O (6EIy )j6, Iy
L j
0-y 0 )j0i6E1Y )j6EI 12E E
-16EIy 6 ---
0 - i 0 0 -
L L
2EIy 6Ey 4EIy
-i 0 -
L 0 L L
(2.180)
[[k11]j [kl2]j
S[k] = ] I [k22]j
and the damping matrix for the joint elements is given as,
[c]j =
ca 0 0 -Ca
0 Csh 0 0
0 0 c 0
-- - - - -x -
-Ca
0
0
U U
-Csh 0
0 
-cr
0 0
-Csh 0
0 
-cr
Ca  c 0
0 c 0
S11
0
(2.181)
C
r -
[C] 1 1[C12j l][C ]jj[ c ] j '[c -,  ]
For the strut elements, the stiffness matrix is given as,
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(EA o o _(EA o o
L st L st )t (6E )st
6EI, 4EI 0 (6E 2EI,
L2 o o L( o "
S -12EIY (6EIy 12EI 
_ 6EI,
o (6EI, J 2E-- -0 t (-6E y 4
S ¢(6EIy (2EIy' (6EIy (4EIy
S L2 t L )st -t--t ( L-m-j
[ [kll]st [k 2]st
[kt L[kl2]st [k22  st
For the strut elements, the damping matrix is given as,
DA DA
L st L st
S 12DI 6 DIy ) 12DI 6DIy
o 6DIy, 4 DIy 6 DI 2 D Iy
L? )S L L )[c] =ost I --- - - - - -o-
L st .L stS6DI12DIy
0 )st L )st
0 6 DI 2DIy
)st L)L 5 st
6DI, I 4DIyL A L A
0 1! )st t L ) st
(2.182)
(2.183)
[Cll]st I [C12]st]
-
--
st = 
-T -1 ---- 
.-
[ st [C12] st I [C22]st
On the element level, the strut stiffness and damping matrices are
proportional:
D
[Clst  = [k]stE
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while those of the joint element are not:
[c]j * a[k]j
These individual element matrices were assembled to
global stiffness and damping matrices [k]g and [c]g,
form the 12 by 12
[k11]j
[k12]T
[k]g [0]
[0]
[cll] j
[C12]j[c]g = [0]
[0]
[kl2 ]j
[k 2 2 1j + [kll]st
[kl2]T
[0]
[C12]j
[Cll]j +I [Cll]st
[C121st
[0]
where csh = 0, Cr = 0, Ca = 32,733 N-sec/m, and D = 6.12x10 6 N-sec/m 2 . The
stiffness properties are those defined in 3.2. These matrices are not
proportional. That is to say,
[C]g # [k], (2.186)
where a is a constant. Caughey [24] proved that the necessary and sufficient
condition for proportional damping is that the damping matrix [c] be
diagonalized by the same transformation that diagonalizes [m] and [k]; in
this case the mass normalized eigenvector matrix [4],
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[0]
[kl2st
[k22 ]st + [kll]j
[k 12 ]T
[0]
[C12]st
[C22st + [C ll]j
[C12]j
[0]1
[0]
[kl2]j
[k22]jj
[0]
[0]
[C121j
[c111jii]
(2.184)
(2.185)
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0 0 0.86: 0
-1.21 -0.43 0 -0.53
-1.76 0.72 0 -9.89
0 0 0.86 i 0
-0.96 -0.53 0 0.80
-1.76 0.72 0 -8.59
0 0 0.86 1 0
0.31 -1.05 0 0.80
-1.76 0.72 0 8.59
0 0 0.86 0
0.55 -1.15 0 1-0.53
-1.76 0.72 0 9.89
(2.187)
0 0 -0.94 0 0 | 0 -0.62 -0.49
0.41 -0.27 : 0 0.10 0.18 I 0.20 0 0
17.88 -29.24 ' 0 32.68 -38.22 : -32.28 0 0
- - - - - - L -- - - - -- - - - -I - - - -- - - - -
0 0 -0.73 0 0 I 0 1.55 2.18
-1.58 1.04 0 0.14 -1.55 -1.33 0 0
8.45 14.85 0 -28.05 -13.30 -34.08 0 0
0 0 0.73 0 0 0 1.55 -2.18
1.58 1.04 0 -0.14 -1.55 1.33 0 0
8.45 -14.85 0 -28.05 13.30 -34.08 0 08.45___4 8 _L _0-- ----- -1 ------------------,
0 0 0.94 0 0 0 -0.62 0.49
-0.41 -0.27 0 -0.10 0.18 -0.20 0 0
17.88 29.24 0 32.68 38.22 -32.28 0 0
[]T[m]g[] = [I]
The global mass matrix [m]g is not shown. Given this eigenvector
transformation matrix, the modally transformed damping matrix is:
[0IT [C]g[l1 = [C]g =
(2.188)
0 0 0 0 0 0 0 0 0 0 0 0
000 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
---------------------------------- - - - -- - -- - --  ----------------------
00 0 20.24 0 -35.01 0 0 31.35 0 0 0
0 0 0 0 135.9 0 0 -300.9 0 :-321.6 0 0
0 0 0 -35.01 0 60.54 0 0 -54.21 0 0 0 1
0 0 0 0 0 0 5033 0 0 0 0 3 1,3 30 sec
0 0 0 0 -300.9 0 0 666.1 0 V712.0 0 0
0 0 0 31.35 0 -54.21 0 0 48.55 0 0 0
- - -- -- - -- - ----- -  -... .. . - -- -- - -- - -- - - --- --- - - -- --
0 0 0 0 -321.6 0 0 712.0 0 761.0 0 0
0 0 0 0 0 0 0 0 0 0 308,200 0
0 0 0 0 0 0 31,330 0 0 0 0 482,600
This matrix is not diagonal, hence the damping is nonproportional. The first
three zero diagonals are a result of the three rigid body modes (one for each of
the two translational degrees of freedom and one for the rotational degree of
freedom). The fourth, fifth, sixth, eighth, ninth, and tenth modes are bending
modes-see Eq. (2.187)-thus exciting the material bending damping in the
aluminum strut, which accounts for the little modal damping of these modes
compared to modes 7, 11, and 12 because the material bending damping is
much smaller than the axial joint damping as shown below. The large
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increase in damping for the seventh, eleventh, and twelfth diagonal
components is due to the axial modes 7, 11, and 12, which excite the axial
joint damping,
Ca = 32,733 N-sec/m
which is much larger than the strut material damping,
l 07 ec 3x10 9m4) Nsec
__ 
12 6.12x106 N* sec 4
3 (0. 72m)3  m (2.189)(2.189)
6.12x106 N - sec1.12 6 x10 -4 2
(DA) 6.121 2 = 957 N -sec
L st 0.72m m
2.9 Summary
The critical damping ratio ( in terms of the loss factor ir, and the loss
factor ir in terms of the energy dissipated and the peak potential energy were
derived by addressing the one degree of freedom system. A simple model of
damping was discussed, the modal form of the material damping coefficient D
was derived, the beam finite element matrices of the simple model were
formulated, and a value for D from experimental results for material
damping of aluminum was determined. A general model of damping was
discussed, the third order general model differential equation was solved to
display the differences between it and the simple model, the beam finite
element matrices of the general model were formulated, and a method of
determining the three parameters of the general model from experimental
data was presented. The finite element matrices used to represent a viscous
strut developed by Honeywell called the D-Strut were presented, and the
three parameters of the general model to be incorporated in these matrices
were determined from experimental data provided by the Spacecraft
Structures Branch of the NASA Langley Research Center. The discretized
equations of motion of a tubular resistively shunted piezoelectric strut were
formulated, and the analogy between these equations and the general model
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of damping was drawn. Two methods of representing mechanistic damping
were presented-one of which, 2.7 (b), was used to represent joint damping-
and an axial joint damping coefficient Ca was determined from experimental
data. The nonproportionality of damping at the global level using a typical
Truss Boom member as an example was explicitly displayed.
140
Chapter Three
Truss Boom Characterization
3.1 Introduction
In 3.2, the joint and aluminum strut stiffness and mass properties are
calculated; the joint stiffness properties were determined experimentally [31],
[32]. In 3.3, the equivalent mass and stiffness properties are calculated. In
the remaining sections of this chapter, the undamped vibration modes and
frequencies are calculated for several Truss Boom representations. In 3.4,
the real undamped eigenproblem is solved for the eight bay planar truss with
joint and aluminum strut properties represented separately, and in 3.5, with
equivalent member properties. In 3.6, the real undamped eigenproblem is
solved for a full three-dimensional model of the Truss Boom with equivalent
member properties.
3.2 Truss Boom Member Properties
The eight cubic bay Truss Boom presently erected at the NASA
Langley Research Center is the experiment used to compare the models of
damping developed in Chapter Two; see Fig. 3.4. Each bay is a cube with
each side equal to im. The struts are aluminum and the joints are
mechanisms described in reference [28]. The dimension of the longerons and
diagonals are shown in Figs. 3.1 and 3.2.
1.0 m
(39.37 in)
O -
0.14m 0.72 m
(5.56 in) (28.25 in)
Figure 3.1. Longeron
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1.414 m
(55.67 in)L
0.14 m
(5.56 in)
-I
, ©----
1.134 m
(44.55 in)
Figure 3.2. Diagonal
The strut cross-section is shown in Fig. 3.3.
Figure 3.3. Aluminum Strut Cross-Section
Ro = 0.5in (0.0127m)
Ri = 0.442in (0.0112m)
t = 0.058in
The material properties of aluminum used are:
E = modulus of elasticity = 69.7x10 9 N/m2 (10.1x10 6 psi)
p = density = 2370 kg/m3 (0.1 lbm/in 3 )
v = Poisson's ratio = 0.33
The cross-sectional area and moment of inertia may be calculated:
A = n(Ro2 - Ri2 ) = 1.126x10- 4 m 2 (0.1745in2 )
I = n/4(Ro4 - Ri4) = 8.073x10-9 m 4 (0.0194in 4 )
then
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FA~15fli
Figure 3.4. The NASA Langley Research Center Truss Boom
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EA = 7.848x10 6 N (1.762x10 6 lbf)
El = 562.7 Nm2 (0.196x10 6 lbf-in 2 )
The mass per unit length and mass moment of inertia per unit length are:
g = pA = 0.267 kg/m (0.015 lbm/in)
Im = pI = 19.13x10-6 kg-m (1.66x10 -3 lbm-in)
The joint end-hardware dimensions are defined in Fig. 3.5.
0.0686 m 0.0726m
(2.7 in) (2.86 in)
0.14 m
(5.56 in)
Figure 3.5. Joint End-Hardware
The axial load test of the joint is shown in Fig. 3.6. This axial load test was
used to determine the EA value for the joint hardware. The bending stiffness
properties were determined in reference [32].
EA = 8.455x10 6 N (1.9x10 6 lbf)
EIy = Elmajor = 445.0 N-m2 (0.155x10 6 lbf-in 2 )
EIz = EIminor = 361.7 N*m2 (0.126x106 lbf-in 2 )
The inertia properties of the joint hardware are:
mball = 0.389 kg (0.86 lbm)
mend-fitting = 0.195 kg (0.432 lbm)
gend-fitting = 0.195 kg/0.14m = 1.4 kg/m (0.0783 lbm/in)
The formula for a solid sphere is used to approximate the rotational inertia of
the node ball:
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.
Figure 3.6. NASA Langley Joint End-Hardware Axial Load Test
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2mr 2I=-
= 2(0.389kg)(0.0343m) 2 (3.1)
= 1.83x10-4kg. m2
The mass moments of inertia of the joint end-hardware are also
approximated:
Imy = Ply = Paluminum E Eaumum = 15.13x10-6kg m (1.31xl0-3lbm in)
Imz = PIz = Paluminum Elminor =12.3x10-6kg-m (1.07x10-31bm-in)
Ealumin umn
3.3 Equivalent Truss Boom Member Properties
For large truss structures, it is more efficient-although less
accurate-to use only one beam finite element to model the longerons and
diagonals. It is necessary, then, to determine equivalent stiffness and mass
properties. To determine these properties, the energies are equated.
The complementary energy of a beam under a constant axial load P is
L P2
Uc = 
-Y2 - dx (3.2)
Equating the energy for one of the Truss Boom members shown in Fig. 3.7,
P
-C
P
O-1 I I 
11 E , 11
Leq
Figure 3.7. Truss Boom Member under Axial Loading
to an equivalent member shown in Fig. 3.8,
146
1\
CHAPTER THREE: TRUSS BOOM CHARACTERIZATION
P-- x P
I I
Leq
Figure 3.8. Equivalent Truss Boom Member under Axial Load
The equivalent axial stiffness may then be determined:
Uc,eq = Uc
-- dx=
(EA)eq SI P 2dx 
+S(EA)
where
()j denotes a joint property
()st denotes a strut property
()eq denotes an equivalent member property
The averaging expression for the equivalent axial stiffness EAeq is given as,
EA (3.4)(EA)st (EA)j
(EA)st(211/Leq) + (EA)j(12/Leq)
For the longeron:
EAj = 8.455x10 6 N
EAst = 7.848x10 6 N
11 = 0.14 m
12 = 0.72 m
Leq = 1.0 m
EAeq = 8.01x10 6 N
For the diagonal the lengths are different (see Fig. 3.2):
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12 = 1.134 m
Leq = 1.414 m
EAeq = 7.96x10 6 N
The same approach may be used to calculate the equivalent bending
stiffness EIy,eq and EIz,eq for a longeron and diagonal. The complementary
energy of a beam with moment M is:
L M 2
Uc = /2 -dx 
Equating the energies due to a transverse tip load P in Figs. 3.9 and 3.10:
0
i I P
Leq
Figure 3.9. Truss Boom Member in Bending
---x
PI
Leq
Figure 3.10. Equivalent Truss Boom Member in Bending
Uc,eq = U c
2Mdx =
(EI)e
M
2
2 (EI)dx + 211 +12  M
2
l1l (EI)st
Y L N+1M2
fi2 ( dx1* 2 (EI)~
M(x) = P(Leq - x)
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(3.7)
L ~I -1, _
(3.5)
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Equation (3.6) is solved for EIeq:
(3.8)
EIeq - Leq[ (EI)j(EI)st
3 [((EI)st - (EI))(L1 1 - Leq + J + (EI)j - (EI)st)[L2q(1 +2)- Leq (11 +12)2 + 12) +(EI)st j
For the longeron:
EIst = 562.7 Nm 2
EIyj = 445.0 Nm2
EI,j = 361.7 Nm2
so
EIy,eq = 512.95 Nm 2
EIz,eq = 467.44 Nm2
and for the diagonal:
EIy,eq = 525.26 Nm2
EIz,eq = 489.40 Nm2
The equivalent bending stiffness EIeq could also be determined by applying a
constant moment M along the beam. This results in an averaging expression
similar to Eq. (3.4) and given as,
Eleq = (El)st(EI)j (3.9)
(EI)st(2 1/Le) + (EI)j(12/Leq)
A summary of these stiffness properties are listed here in Table 3.1.
stiffness joint 11 strut 12 longeron Leq diagonal Leq
properties (experimental) (calculated) (equivalent) (equivalent)
EA(N) 8.46x10 6  7.85x10 6  8.01x10 6  7.96x10 6
EIy (Nm2 ) 445.0 562.7 513.0 525.3
EIz (Nm2 ) 361.7 562.7 467.4 489.4
Table 3.1. Summary of Stiffness Properties
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The mass properties must also be adjusted. The p and Im for the
aluminum strut are used for the equivalent member over the entire length
Leq and expressed as,
eq = Ptst = 0.267 kg/m
Im,eq = Im,st = 1.913x10 -5 kg.m
The mass of the end-fitting over the length 11, mend-fitting , minus the
equivalent strut mass over the length 11, Peqll , is lumped in together with
the ball mass, mball , to give an additional lumped mass at the node, mnode
as,
mnode = 0.195 - 0.267(0.14) + 0.389
= 0.547kg
3.4 Frequencies and Mode Shapes of Eight Bay Planar Truss With
Modeled Joint and Aluminum Strut Properties
The planar model shown in Fig. 3.11 is used to represent the Truss
Boom test article presently erected at the NASA Langley Research Center.
The joint and aluminum strut properties are represented separately with
beam finite elements using the EA, EIy, and mass properties given in 3.2.
Figure 3.11 shows the locations of the members and joints, while Fig. 3.12
shows the location of the nodes, struts, and joint elements within each bay.
Modes 1 through 5 are calculated from the undamped eigenvalue
problem and are shown in Fig. 3.14. The modal frequency of the first mode
(first bending at 54.64 rad/sec or 8.70 Hz) is not near the experimentally
determined first bending modal frequency of the Truss Boom test article
(43.98 rad/sec or 7.00 Hz [30]). Modes 3 through 5 display the rotation of
some of the joints due to the large joint end-hardware inertia represented by
the joint elements. No experimental value for the second bending frequency
of the Truss Boom is available. The natural frequencies with their associated
mode shape descriptions are listed in Table 3.2.
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0t E
Figure 3.11. Eight Bay Planar Truss Boom Representation
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Joint Elements
Node
Figure 3.12. First Bay of Eight Bay Planar Truss with Modeled Joint and
Aluminum Strut Properties
Mode J Frequency (rad/sec)
first bending 54.64
second bending 260.68
joint rotation 350.18
joint rotation 388.76
joint rotation 410.51
Table 3.2. Natural Frequencies of Eight Bay Planar Truss with Modeled
Joint and Aluminum Strut Properties
3.5 Frequencies and Mode Shapes of Eight Bay Planar Truss With
Equivalent Member Properties
The model in Fig. 3.11 may also be modeled using a single beam finite
element for each longeron and diagonal with equivalent member stiffness
properties EAeq and EIy,eq and equivalent mass properties given in 3.3.
Figure 3.11 shows the locations of the members and joints, while Fig. 3.13
shows the location of the nodes and equivalent member elements within each
bay. This model is presented to display the error involved with using
equivalent properties rather than distinct joint and strut finite elements.
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Modes 1 through 5 are displayed in Fig. 3.15, and the frequencies with
their associated mode shape descriptions are listed in Table 3.3. The first
bending frequency (63.94 rad/sec) is higher than the first bending of the eight
bay planar truss with modeled joint and strut properties (54.64 rad/sec)
because fewer beam finite elements are used-less motion is represented, i.e.,
the rotation of the joints is constrained.
Equivalent Longeron Member
Equivalent Diagonal Member
Figure 3.13. First Bay of Eight Bay Planar Truss with Equivalent Member
Properties
Regardless of this argument for using the joint and strut finite element
model described in 3.4, the ioint and strut finite element model is employed
because it enables the representation of the distinct inherent damping
mechanisms of the joints and aluminum struts as well as allows the insertion
of D-Struts and piezoelectric struts while still representing the joint damping.
Mode Frequency (rad/sec)
first bending I 63.94
second bending I 310.06
first axial 431.98
third bending 499.01
axial and bending 541.61
Table 3.3. Natural Frequencies of Eight Bay Planar Truss with Equivalent
Member Properties
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3.6 Frequencies and Mode Shapes of Three-Dimensional Model With
Equivalent Member Properties
A three-dimensional model of the Truss Boom using equivalent
member properties given in 3.3 represents the experimentally determined
modal frequencies more accurately than the planar model described in 3.5
employing equivalent member properties and the same as the planar eight
bay truss described in 3.4 with modeled joint and strut properties. Figure
3.16 displays modes 1 through 5. Compared to the experimental values in
Table 3.4, the values generated from this model are not acceptable. Thus,
even the three-dimensional model with equivalent member properties does
not represent the experiment well.
A more accurate model would incorporate separate finite elements for
the joints and struts as in 3.4. Such a three-dimensional model is not formed
because for the purpose of this thesis-modeling passive damping
mechanisms-it is not necessary. It would require a much greater
computational effort: 1500 equations for a full three-dimensional model
compared to 246 equations for the eight bay planar model discussed in 3.4. It
is important to realize, however, that results would more resemble those of
the experiment if such a three-dimensional model was analyzed.
Mode Experimental Freq (rad/sec) Model Freq (rad/sec)
first bending 42.66 53.81
first bending 43.98 55.76
first torsion 156.04 198.24
second bending not provided 253.91
second bending not provided 266.89
Table 3.4. Comparison of Experimentally Determined Modal Frequencies
versus Those Calculated Using Equivalent Member Properties in a Three-
Dimensional Finite Element Model
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3.7 Summary
The geometry and the material and section properties of the joints and
struts of the Truss Boom members have been identified. The frequencies and
mode shapes were determined for an eight bay planar truss modeling joints
and struts individually with beam finite elements, an eight bay planar truss
with equivalent member properties, and a three-dimensional truss with
equivalent member properties. Table 3.5 provides a comparison between the
experimentally determined frequency for first bending and the frequencies
predicted by the models discussed in 3.4, 3.5, and 3.6.
Mode Experimental Planar (in 3.4) Planar (in 3.5) 3-Dim (in 3.6)
1st bending (rad/sec) 43.98 54.64 63.94 55.76
2nd bending (rad/sec) not provided 260.88 310.06 253.91
Table 3.5. Comparison of Modal Frequencies Calculated from Models in 3.4,
3.5, and 3.6
155
CHAPTER THREE: TRUSS BOOM CHARACTERIZATION
Mode 1 54.64 rad/sec
Mode 2 260.68 rad/sec
Mode 3 350.18 rad/sec
Mode 4 388.76 rad/sec
Mode 5 410.51 rad/sec
Figure 3.14. First Five Modes of Eight Bay Planar Truss with Modeled Joint
and Aluminum Strut Properties
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Mode 1 63.94 rad/sec
Mode 2 310.06 rad/sec
Mode 3 431.98 rad/sec
Mode 4 499.01 rad/sec
Mode 5 541.61 rad/sec
Figure 3.15. First Five Modes of Eight Bay Planar Truss with Equivalent
Member Properties
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Mode 2 55.76 rad/sec
Mode 3
Mode 5 266.89 rad/sec
Mode 4 253.91 rad/sec
Figure 3.16. First Five Modes of Three-Dimensional Model with Equivalent
Member Properties
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Chapter Four
Overall System Damping
4.1 Introduction
The eight bay planar model discussed in 3.4 is primarily used to model
the inherent damping of the Truss Boom and the overall system damping
provided by D-Struts and piezoelectric struts replacing structural struts. The
three-dimensional model incorporating equivalent properties discussed in 3.6
is also used to model damping in 4.7, but equivalently rather than
individually as for the eight bay planar model in 3.4. The beam finite
element damping matrices representing the inherent damping of the joints
and struts and representing the externally introduced damping produced by
the D-Struts and piezoelectric struts were formulated in Chapter Two. Using
these individual models of damping, the inherent damping and overall
system damping is predicted in the form of the critical damping ratio for the
first bending model of the Truss Boom.
Three methods for determining the critical damping ratio of a
structure are presented in 4.2: the loss factor method 4.2 (a), the decay
method 4.2 (b), and the complex eigenvalue method 4.2 (c). The loss factor
method is the method used to predict inherent damping and to compare the
overall system damping provided by different passive damping mechanisms
because it provides an overall representation of the energy dissipated in a
structure. The two other methods, decay and complex eigenvalue, are used to
check the loss factor method when calculating for the inherent damping
case.
Section 4.3 discusses the inherent system damping provided by the
joints and aluminum struts of the Truss Boom as well as compares the three
methods for calculating . Section 4.4 discusses the consistency of the loss
factor method over the cycles of vibration. Section 4.5 identifies the system
damping provided by placing D-Struts in the first and second bays of the
eight bay planar truss model discussed in 3.4. Section 4.6 identifies the
system damping provided by the piezoelectric struts represented by
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equivalent general models. Section 4.7 determines equivalent axial member
damping coefficients for the longerons and diagonals of a full three-
dimensional model and discusses the contribution of D-Struts placed in the
first and second bays of the Truss Boom.
4.2 Methods for Determining the Critical Damping Ratio 5
Three methods for determining the critical damping ratio 5 are
presented: loss factor method, decay method, and complex eigenvalue
method. The loss factor method is used in this thesis because it provides an
overall representation of the energy dissipated in a structure.
4.2 (a) The Loss Factor Method
Given Tl, then C may be calculated:
(4.1)2
This approximation is valid if the frequency of vibration is near the natural
frequency of the dominant excited mode, Co = n.
Crandall [40] discussed the expression used in this thesis for
calculating the loss factor:
W
S- 2 pk (4.2)2nUpk
which derivation was shown in 2.2. This expression is a comparison between
the energy lost in a cycle W, with the peak potential energy Upk stored in the
system during that cycle. Upon looking at the transient displacement
solution of one degree of freedom of a damped system (see Fig. 4.3), a cycle
may be identified to calculate the loss factor. At the beginning of a cycle
(when the displacement degree of freedom is at a maximum), the kinetic
energy is T 1 and the potential energy is U 1, and at the end of a cycle (when
the displacement degree of freedom is again at a maximum but one cycle
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later), the energies are T2 and U 2 . Thus, the energy lost during a cycle and
the peak potential energy stored in the system during that cycle may be
found:
W = (T1- T2 ) + (Ul - U2) (4.3)
and
Upk = U 1  (4.4)
Each energy is calculated given the states at the beginning and end of the
cycle determined by solving the equations of motion using the Newmark
Method. The kinetic and potential energies are given as,
T= Wl} [m]{4} (4.5)
U = {q}T[k]{q} (4.6)
The beginning and end times of the chosen cycle are determined by looking at
a plot of the displacement values resulting from a solution of the equations of
motion.
For example, consider the eight bay planar truss model discussed in
3.4. The solution of the equations of motion to the step impulse load
described in Figs. 4.1 and 4.2 is shown in Fig. 4.3. This solution is used to
determine the loss factor. The first bending modal frequency is identifiable
from the displacement plot (the period = 0.115 sec, f= 8.70 Hz, and w = 54.64
rad/sec). Hence o = on (54.64 rad/sec).
F (N)
5000
0-
0.1 1.0
0 t (sec)
Figure 4.1. Step Impulse Load Applied to the Tip (degree of freedom 224) of
the Eight Bay Planar Truss Model
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F(t)
q224
Figure 4.2. Eight Bay Planar Truss Model with Tip Load F at Degree of
Freedom q224
Choosing one of the cycles from the displacement plot, the loss factor may be
calculated as discussed above. Consider the fourth cycle in Fig. 4.3 beginning
at 0.425 sec (tip deflection = 0.1422m) and ending at 0.540 sec (tip deflection
= 0.1377m). Using the states at these times the loss factor is calculated: the
energy lost during this cycle is W = 15.742 Nm and the peak potential energy
(at time = 0.425 sec) is Upk = 228.958 Nm then
S= 0.010943
and
= 0.00547
This value of the critical damping ratio C calculated from the simulation
results is close to the experimentally predicted C (0.56%).
4.2 (b) The Decay Method
Consider the free response of a one degree of freedom system with initial
conditions x(0) = x0 , *(0) = 0,
K + 2Cmni + 2x = 0 (4.7)
and
x(t) = xoe- t cos(an 1 - 2 )t (4.8)
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time (seconds)
time (seconds)
0.5 0.6
time (seconds) t
Figure 4.3. Simulation Results for Degree of Freedom 224 (Vertical Tip
Deflection at Joint 18 in Fig. 3.11) of the Eight Bay Planar Truss due to
Forcing shown in Figs. 4.1 and 4.2
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The response amplitudes at the beginning and end of each cycle are points
along the decay envelope e-~nt. Taking the natural logarithm of the decay
envelope in Eq. (4.8) gives,
ln(xN/xo) = In(e-Cnt)= 
- nt
where
xN = amplitude at beginning of Nth cycle
Noting that for N cycles, ont = 2nN, one obtains,
= 1 ln(xN/xo)2nN
(4.9)
(4.10)
Plotting ln(xN/xo) vs. N, the slope is -2nrt and the critical damping ratio may
be calculated,
-slope
2r (4.11)
The amplitude values at the beginning and end of a number of cycles taken
from the displacement solution in Fig. 4.3 are shown in Table 4.1.
Table 4.1. Data from Fig. 4.3 Used to Calculate Best-Fit Line
Using these values from Table 4.1, a best-fit line may be calculated by the
Method of Least Squares [42]. This best-fit line is plotted with the data
points in Fig. 4.4. The critical damping ratio is calculated:
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cycles N ln(xN/xo)
1 ln(0.1458) = -1.9255
2 ln(0.1422) = -1.9505
3 ln(0.1377) = -1.9827
4 ln(0.1326) = -2.0204
5 ln(0.1279) = -2.0565
6 ln(0.1236) = -2.0907
CHAPTER FOUR: OVERALL SYSTEM DAMPING
- -slope = 0.005373
2nt
(4.12)
-2.15'
0 1 2 3 4 5 6 7
number of cycles n
Figure 4.4. Best-Fit Line of ln(xN/xo) versus Cycles N
This critical damping ratio value is calculated from the results for one
degree of freedom. The loss factor method takes into account the response for
each degree of freedom of the system. The loss factor method is used to
calculate the system critical damping ratio provided by the D-Struts and
piezoelectric struts rather than the decay method because it is a more general
representation of the energy dissipated.
4.2 (c) The Complex Eigenvalue Method
The real part of the complex eigenvalue Xr = "xr + io, for the rth mode is
r = 
-ror
when wr = on, the natural frequency of vibration. The complex eigenvalue
problem described in Eqs. (1.13), (1.14), (1.15), and (1.16) was solved for the
eight bay planar truss discussed in 3.4 with inherent damping modeled. The
first eigenvalue is:
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X, = -0.306 + 54.646i
from which the critical damping ratio is calculated:
- a l 
- -(-0.306) = 0.00560
co1 54.646
This value is equal to the experimentally predicted value 0.56% because it is
an exact solution. The complex eigenvalue problem is not usually solved for
large space structures because it is computationally intensive; the solution of
the coupled equations of motion is as well, but offers more incite to defining
the plant dynamics.
4.3 Comparison of the Methods for Determining the Critical
Damping Ratio C
Section 4.2 used the inherent damping case (joints and aluminum
struts) as an example for demonstrating the three methods of calculating the
critical damping ratio : the loss factor method, the decay method, and the
complex eigenvalue method. The loss factor method is used to calculate the
overall system damping, which is represented as the critical damping ratio 5.
To recap, 4.2 calculated via
the loss factor method,
= 0.00547
the decay method,
= 0.00537
and via the complex eigenvalue method,
= 0.00560
The value calculated by solving the complex eigenvalue problem is equal to
the experimental value of 0.56% because it is an exact solution. Hence, it is
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used to compare the two approximate methods. The C calculated by the loss
factor method differs from the one calculated by the complex eigenvalue
method by 0.00013 and that by the decay method differs by 0.00023. The loss
factor method is slightly more accurate than the decay method. Regardless,
the loss factor method is used to calculate the system critical damping ratio 5
rather than the decay method not solely because of the above comparison but
because it is a more general representation of the energy dissipated.
4.4 Consistency of the Loss Factor Method
The loss factor method 4.2 (a) uses the displacement solution of a
single degree of freedom to identify a cycle for which the loss factor 1r is
calculated. The calculation of the loss factor should be the same regardless of
which degree of freedom displacement solution is used to identify a cycle and
which cycle is chosen to calculate Ti.
Consider degree of freedom 149, the vertical displacement at joint 11 in
Fig. 3.11. The solution for degree of freedom 149 is shown in Fig. 4.5.
Choosing the same cycle (fourth cycle) used to calculate C for degree of
freedom 224 shown in Fig. 4.3, and starting at 0.426 sec and ending at 0.540
sec, the resulting critical damping ratio is determined to be,
= 0.00548
This is the same as that calculated using degree of freedom 224 (5 = 0.00547).
Using other degree of freedom solutions to identify cycles result in slightly
different values of C, but since this is an approximate method to begin with,
the variations are acceptable.
The C may also vary over the cycles chosen. For the cycles identified in
Fig. 4.3 for degree of freedom 224, the C's calculated are,
fourth cycle (0.425 sec to 0.540 sec) C = 0.00547
sixth cycle (0.655 sec to 0.770 sec) C = 0.00541
seventh cycle (0.770 sec to 0.885 sec) C = 0.00541
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time (seconds)
time (seconds)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time (seconds) t
Figure 4.5. Simulation Results for Degree of Freedom 149 (Vertical
Deflection at Joint 11 in Fig. 3.11) of the Eight Bay Planar Truss with
Inherent Damping; Forcing is shown in Figs. 4.1 and 4.2
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Thus, the damping capacity of the system decreases slightly as the vibration
settles to equilibrium but not so much as to require the calculation of a
separate C.
When comparing system damping produced by the inherent damping
along with D-Struts and/or piezoelectric struts, the same degree of freedom
and same cycle should be used to calculate the critical damping ratio L.
Consistency ensures a more accurate comparison.
4.5 Overall System Damping Produced by D-Struts in Eight Bay
Planar Model
D-Struts will replace the structural struts of the Truss Boom in order
to increase the passive damping of the structure. Approximately 1% to 4% of
critical damping (0.01 < < 0.04) is desired from a large space structure [1].
Experimental results of modal damping with D-Struts in the Truss Boom are
not available. Based on the component modeling of the joints and reasonably
accurate representation of the experimental results for the individual D-
Struts, the numerical results presented here should be close to future
experimental results (if they are ever obtained).
By calculating the motion of certain truss members from the first
bending mode picture--and eigenvector solution-of the planar eight bay
truss (Fig. 3.14), it is apparent that the horizontal and diagonal members
experience considerably more strain (on the order of 0.0052 compared to
0.0000) than the vertical members experience. It would make sense then to
place the D-Struts at these locations. Also, the closer to the support, the
more the D-Struts would be excited. But the actual modes of a large space
structure will include many others besides first bending. The optimal
placement of the D-Struts (and piezoelectric struts) is the location of
maximum strain energy and must be determined uniquely for each host
structure in consideration.
Since maximum strain energy occurs closer to the support, the D-
Struts are placed at these locations. Three D-Struts are placed in the first
bay as shown in Fig. 4.6.
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Joint Elements
Node -
Structural
Strut
D-Strut
Figure 4.6. Three D-Struts Placed in First Bay of Eight Bay Planar Truss
The damping is predicted to be,
= 0.0155 (1.55%)
The natural frequencies calculated from the undamped eigenvalue problem
are displayed in Table 4.2. The frequencies are less than those of the truss
without the D-Struts shown in Table 3.2 because the D-Struts are less stiff
than the aluminum struts: 7.175x106 N/m axial stiffness for the D-Strut vs.
10.9x10 6 N/m for a longeron.
Table 4.2.
Mode Frequency (rad/sec)
first bending 51.0
second bending 243.6
joint rotation 263.0
joint rotation 342.6
joint rotation 361.5
first bending T = 1.55%
Natural Frequencies of Eight Bay Planar Truss with Three D-
Struts in the First Bay as Shown in Fig. 4.6
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Six D-Struts
shown in Fig. 4.7.
are placed in the eight bay planar truss with locations
Joint Elements
Node
Structural
Figure 4.7. Six D-Struts
\ D-Struts '
Placed in First and Second Bays of Eight Bay
Planar Truss
The damping is predicted to be,
= 0.0223 (2.23%)
The natural frequencies are listed in Table 4.3.
Mode Frequency (rad/sec)
first bending 48.7
second bending 117.8
joint rotation 228.0
joint rotation 239.9
joint rotation 261.4
first bending I = 2.23%
Table 4.3. Natural Frequencies of Eight Bay Planar Truss with Six D-Struts
in First and Second Bays as Shown in Fig. 4.7
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Placing three D-Struts in the fourth bay of the eight bay planar truss,
the damping should be less than placing the D-Struts at the root because the
strain energy is less in the fourth bay. The damping is predicted to be,
= 0.0085 (0.85%)
The natural frequencies calculated from the undamped eigenvalue problem
are displayed in Table 4.4.
Table 4.4.
Mode Frequency (rad/sec)
first bending 52.2
second bending 207.8
joint rotation 254.5
joint rotation 264.0
joint rotation 346.5
first bending I = 0.85%
Natural Frequencies of Eight Bay Planar Truss with Three D-
Struts in the Fourth Bay
Placing three D-Struts in the seventh bay of the eight bay planar truss,
the overall system damping is less than placing the D-Struts at the root
because the strain energy in the seventh bay is less than that at the root, but
the damping is more than that in the fourth bay-possibly since it is closer to
the forcing at the tip. The damping is predicted to be,
= 0.0094 (0.94%)
The natural frequencies calculated from the undamped eigenvalue problem
are displayed in Table 4.5.
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Mode Frequency (rad/sec)
first bending 46.2
second bending 242.0
joint rotation 250.7
joint rotation 266.0
joint rotation 350.9
first bending [ = 0.94%
Table 4.5. Natural Frequencies of Eight Bay Planar Truss with Three D-
Struts in the Seventh Bay
4.6 Overall System Damping Produced by Piezoelectric Struts in
Eight Bay Planar Model
Three piezoelectric struts are placed in the first bay as shown in Fig. 4.8.
Joint Elements
Node
Structural
Strut
Piezoelectric Strut
Figure 4.8. Three Piezoelectric Struts Placed in First Bay of Eight Bay
Planar Truss
The damping is predicted to be,
= 0.0122 (1.22%)
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As predicted by Fig. 2.33, this is less than the damping provided by six D-
Struts (1.55%). The natural frequencies calculated from the undamped
eigenvalue problem are displayed in Table 4.6.
Mode Frequency (rad/sec)
first bending 49.6
second bending 243.5
joint rotation 336.2
joint rotation 355.8
joint rotation 393.8
first bending = 1.22%
Table 4.6. Natural Frequencies of Eight Bay Planar Truss with Three
Piezoelectric Struts in the First Bay as Shown in Fig. 4.8
Six piezoelectric struts are placed in the first and second bays as
shown in Fig. 4.9.
Joint Elements
Node
Piezoelectric Struts Piezoelectric Struts
Str
Structural Strut
Piezoelectric Struts
Figure 4.9. Six Piezoelectric Struts Placed in First and Second Bays of Eight
Bay Planar Truss
The damping is predicted to be,
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= 0.0156 (1.56%)
As predicted by Fig. 2.33, this is less than the damping provided by six D-
Struts (2.23%). The natural frequencies are listed in Table 4.7.
Mode Frequency (rad/sec)
first bending 46.9
second bending 188.5
joint rotation 232.7
joint rotation 325.8
joint rotation 358.3
first bending = 1.56%
Table 4.7. Natural Frequencies of Eight
Piezoelectric Struts in First and Second
Bay Planar Truss with Six
Bays as Shown in Fig. 4.9
These values for the critical damping ratio produced by the piezoelectric
struts were expected to be less than that contributed by the D-Struts because
of the comparison of the loss factor curves in Fig. 2.30.
4.7 Overall System Damping in Three-Dimensional Model
The three-dimensional model of the Truss Boom described in 3.6
incorporates equivalent longeron and diagonal member properties calculated
in 3.3 to reduce the number of nodes and, hence, number of equations to be
solved. The model has 192 degrees of freedom and would have an additional
1308 degrees of freedom if joint elements were included. Just as equivalent
mass and stiffness properties were calculated in 3.3, equivalent damping
properties may be calculated. D-Strut elements are inserted into the model
replacing the equivalent longeron and diagonal elements without taking into
account the joint stiffness and damping which would be modeled if the extra
nodes were included.
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4.7 (a) Equivalent Inherent Damping
Equivalent axial joint damping coefficients for the longeron (Ceq,long)
and diagonal (ceq,diag) are calculated based on the model shown in Fig. 4.10.
Cstrut Ca
Ceq
Figure 4.10. Equivalent Axial Damping
The equation for ceq is
Ceq= CaCst (4.13)
c a + 2cst
The joint and aluminum strut damping were calculated in Chapter Two:
ca = 32,733N-sec
m
D = 6.12x10 6 N secm2
where
DA
Cst -- L
(6.12x106 N sec 1.126x10-4m 2)
0.72m
(6.12x106 N -sec 1.126x10-42m)
1.134m
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Cst,long
Cst,diag =
N sec
= 957.0
m
= 607.7
m
Q
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Therefore,
N. sec
Ceq,long = 904.1
m
N. sec
Ceq,diag = 586.0 sec
m
Incorporating these properties into the Truss Boom equivalent model
produces 0.4% damping for first bending. The experimentally determined
values for the two first bending modes are 0.55% and 0.56% [31]. The
equivalent damping properties need to be increased to produce the
experimental modal damping values. By trial and error and maintaining the
ratio of the damping values
586.0
- 0.648
904.1
new equivalent damping values were determined:
N. sec
Ceq,long = 1650
m (4.14)
N -sec
Ceq,diag = 1 0 5 5  M
1055
- 0.640
1650
By calculating the complex eigenvalue problem, the modal damping
generated by these new equivalent damping coefficients is determined:
rad
r1 = 0.548% at 01 = 53.81-sec (4.15)
rad
2 = 0.567% at (2 = 55.76 sec
These critical damping ratios compare well with the experimental values 1 =
0.55% and C2 = 0.56%.
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4.7 (b) D-Strut Contribution
Figure 4.11 shows the locations of six D-Struts replacing 6 aluminum
struts in the first bay of the three-dimensional model.
D-Struts
Figure 4.11. Six D-Struts (in bold) Placed in First Bay of Three-Dimensional
Model
The resulting frequencies are listed in Table 4.8.
Mode Frequency (rad/sec)
first bending 1 52.3
first bending 54.6
first torsion 200.0
second bending 248.6
second bending 267.0
first bending = 1.86%
Table 4.8. Natural Frequencies of Three-Dimensional Model with Six D-
Struts in First Bay
The damping provided in first bending is predicted to be,
S= 1.86%
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which resembles that of the eight bay planar truss with three D-Struts
(1.55%) but does display the modeling differences.
Figure 4.12 shows the locations of twelve D-Struts replacing twelve
aluminum struts in the first and second bays of the three-dimensional model.
Figure 4.12. Twelve D-Struts (in bold) Placed in First and Second Bays of
Three-Dimensional Model
The resulting frequencies are listed in Table 4.9.
Mode Frequency (rad/sec)
first bending 51.8
first bending 53.8
first torsion 198.8
second bending 233.4
second bending 258.8
first bending 1 = 2.53%
Table 4.9. Natural Frequencies of Three-Dimensional Model with Twelve D-
Struts in First and Second Bays
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The damping provided in first bending is predicted to be,
= 2.53%
which resembles that of the eight bay planar truss with six D-Struts (2.23%),
but does display the modeling differences.
4.8 Summary
The loss factor method was used to calculate a measure of overall
system damping-critical damping ratio -in order to compare the damping
provided by different passive damping mechanisms. The two other methods,
decay and complex eigenvalue, were used to check the loss factor method
when calculating C for the inherent damping case.
The inherent system damping provided by the joints and aluminum
struts of the Truss Boom was predicted. The system damping provided by
placing D-Struts in the first and second bays of the eight bay planar truss
model provided sufficient damping (1% < C < 4%) to ensure stable LTI control
[1]. The system damping provided by the piezoelectric struts represented by
equivalent general models was predicted. Equivalent axial damping
coefficients for the longerons and diagonals of a three-dimensional model and
the contribution of D-Struts placed in the first and second bays of this model
were predicted.
The results from this chapter showing the modeled inherent damping
and damping provided by D-Struts and piezoelectric for the eight bay planar
model are listed in Table 4.10 and for the three-dimensional model listed in
Table 4.11.
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Description first bending frequency first bending damping
(rad/sec) _1
Truss Boom experiment 42.7 0.56%
(inherent damping only)
planar model of 54.6 0.55%
inherent damping
with 3 D-Struts in 1st 51.0 1.55%
bay
with 6 D-Struts in 1st 48.7 2.23%
and 2nd bays
with 3 D-Struts in 4th 52.2 0.85%
bay
with 3 D-Struts in 7th 46.2 0.94%
bay
with 3 piezo struts in 49.6 1.22%
1st bay
with 6 piezo struts in 46.9 1.56%
1st and 2nd bays
Table 4.10. Summary of Damping in First Bending Mode of Truss Boom
Modeled by Eight Bay Planar Model Described in 3.4
Description first bending frequency first bending damping
(rad/sec) (1
Truss Boom experiment 42.7 0.56%
(inherent damping only)
3-Dim model of inherent 55.8 0.57%
damping
with 6 D-Struts in 1st 54.6 1.86%
bay
with 12 D-Struts in 1st 53.8 2.53%
and 2nd bays
Table 4.11. Summary of Damping in First Bending Mode
Modeled by Three-Dimensional Model Described
of Truss Boom
in 3.6
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Chapter Five
Conclusions
5.1 Accomplishments
Beam finite elements representing material damping and mechanistic
damping have been developed via the simple and general material damping
models , and applied to a current design of a large space structure--the Truss
Boom presently erected at the NASA Langley Research Center. The
discretized equations of motion were formulated for a tubular resistively
shunted piezoelectric strut, and the analogy between these equations and the
general model of material damping was drawn.
A material damping coefficient D for aluminum along with an axial
joint damping coefficient ca were calculated from experimental data. The
finite element model of the eight bay planar model described in 3.4, with
these values incorporated, numerically predicted the inherent damping of
first bending of the Truss Boom:
= 0.55% numerical (inherent damping)
= 0.56% experimental (inherent damping)
The discrete general model parameters ko, k1 , and cl were determined
for the D-Strut from experimental results provided by the Spacecraft
Structures Branch of the NASA Langley Research Center [33]. No
experimental results for overall system damping are available with D-Struts
placed in the Truss Boom. However, the general model of the D-Strut
described in 2.5 (b) along with the modeled inherent damping from above
should numerically predict the overall system damping with reasonable
accuracy. With three D-Struts in the first bay of the eight bay planar model
described in 3.4 and six D-Struts in the first and second bays, the overall
system damping provided in first bending was predicted to be,
= 1.55% numerical (three D-Struts)
= 2.23% numerical (six D-Struts)
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Discrete general model parameters for the piezoelectric strut were
determined. No experimental results for damping provided by an individual
resistively shunted piezoelectric strut nor for the Truss Boom with such
struts incorporated were available for comparison. In the same manner as
the D-Struts, three piezoelectric struts in the first bay and six piezoelectric
struts in the first and second bays provided overall system damping in first
bending of the Truss Boom to be,
= 1.22% numerical (three piezoelectric struts)
= 1.56% numerical (six piezoelectric struts)
Equivalent axial damping coefficients of a longeron and a diagonal
were numerically fit to produce the amount of inherent damping in the Truss
Boom without having to use individual strut and joint finite elements. One
beam finite element with equivalent properties calculated in Chapter Three
was used for each longeron and diagonal in order to generate a reasonably
sized three-dimensional model (192 degrees of freedom) of the Truss Boom.
Placing six D-Struts in the first bay and twelve D-Struts in the first and
second bays in the three-dimensional model produced overall system damping
in first bending of the Truss Boom to be,
= 1.86% numerical (three D-Struts)
= 2.53% numerical (six D-Struts)
5.2 Recommendations for Future Work
5.2 (a) Experimental
Experimental results for material damping over a wide range of
frequencies, whether it be aluminum or a graphite/epoxy composite, would
improve the accuracy of the strut material damping representation. Results
such as those provided for the D-Strut would allow a general model
representation of material damping.
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Any experimental results of damping provided over a wide range of
frequencies by the joint end-hardware would improve the accuracy of this
model. Shear and rotational damping (csh and Cr) could be calculated which
would better represent the overall system inherent damping of higher
modes-for first bending, member axial motion is dominant and hence an
axial joint damping coefficient Ca is sufficient.
Experimental results of overall system damping with D-Struts
replacing structural struts in the Truss Boom would be useful to validate the
model.
Experimental results of the damping provided over a wide range of
frequencies by a resistively shunted piezoelectric strut with varying values of
resistance and with lengths 0.72m and 1.134m would be used to compare to
the general model representation.
5.2 (b) Numerical
A three-dimensional model of the Truss Boom incorporating individual
joint and strut elements as discussed for the planar model in 3.4 will produce
results resembling experimental results better than the eight bay planar
truss model modeling the joints and struts individually or the three-
dimensional model using equivalent member properties.
Either with such a three-dimensional model or with the planar model,
more simulations could be conducted to determine the optimal placement of
the D-Struts in a large space structure under various loading conditions.
The first order form of the equations of motion of a structure with
piezoelectric struts included could be solved numerically using a first order
scheme such as Runge-Kutta to compare to the solution using the equivalent
general model representation.
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